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CHAPTER I 
INTRODUCTION AND BASIC DEFINITIONS 
1.1 INTRODUCTION 
It is of course possible to develop the general 
theory of a measure defined on a ring of subsets of a 
given set X regardless of any topological structure on 
X. The development given in [H] chapters I - IV is 
typical of such theories . 
If Xis given to be a topological space, then 
questions arise as to the nature of the relationship 
existing between certain measures and the topology on 
X. ormally such questions cannot be formulated in 
terms of a general theory as the necessary links 
between the measure and the topology are not included 
in the general d efinition of a measure. It will be 
shown that some of the concepts necessary to establish 
this association, in the topological case, can be 
combined and gen ralized to give a definition of a 
measure without explicit reference to any underlying 
topological structure. This definition of a measure 
(giv n in 1.2 . 2) leads to a simple approach to the 
1 
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general theory of integration, as given in chapter II. 
In addition, many results of topological importance can 
be obtained as natural specializations of the general 
discussion . 
If this plan is to be successful , it is essential, 
when formulating the general d efinition of a measure, 
to consider carefully those measures usually defined in 
topological spaces. Such measures often display 
properties that are ' compatible ' with the topology. It 
is these properties that dictate the form of the required 
defini tion of a measure. 
Representation theorems for linear functionals on 
spaces of continuous functions show the existence of 
measures whose properties are ' compatible' with the 
underlying topology. Since finitely additive measures 
appear in some of these results, the required defini tion 
of a measure cannot be restricted to the countably 
additive case. 
Various forms of regularity, in which integrable sets 
can be approximated in measure by the open or c los e d sets, 
are common features of most measures usually introduced in 
topological spaces. A generalization of the concept of 
r gularity leads to the definition of a ' basis ' for a set 
function (see 1.2.1), which in turn forms an essential 
3 
component of the definition of a measure given in (1.2.2). 
Classes of semicontinuous functions have a prominent role 
to play in the theory of integration with respect to 
certain measures defined in topological spaces. Thus, 
some provision should be made in the proposed definition 
of a measure, to ensure that it leads to a theory of 
integration that displays the importance of 
semicontinuous functions, in these special cases. It 
will be shown in chapter II that the concept of a basis 
for a set function leads naturally to a theory of 
integration that satisfies this requirement. 
Chapters I and II will deal with the general measure, 
while chapter III is concerned with the case in which 
the underlying set is given a topology . It will be 
shown in chapter III that the definition of a measure 
given in chapter I, can be used to single out those 
measure s that are 'well behaved ' with respect to the 
given topology. Such measures will be called topological 
measures (see J.J). Many of the basic properties of 
topological measures can be obtained directly from the 
general results of chapters I and II. Chapters III and 
IV will be concerned exclusively with topological measures 
and the details of their special properties will be 
introduced in the relevant sections of these chapters . 
I 
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1.2 MEASURES DEFINED ON RINGS 
A class of subsets of a given set X will be called 
a RING if it is closed under the operations of finite 
union and difference. If a ring contains X, it will 
be called an ALGEBRA. A ring (algebra) that is closed 
under the formation of countable unions will be called 
a a-RING (a- ALGEBRA). 
If Xis a topological space, then the algebra (a-
algebra) generated (see [H] section 5) by the class 
of all closed sets will be called the BOREL ALGEBRA (a-
ALGEBRA). Similarly, the algebra ( a -algebra) generated 
by the class of all closed G 0 sets will be called the 
BAIRE ALGEBRA (a-ALGEBRA). 
* 1. 2 .1 Letµ be a real valued non-negative set 
function defined on a ring g. A subclass u, of sets 
from g, will be called a BASIS forµ if and only if; 
1) u is closed under finite intersection and countable 
union, and c ontains the empty set. 
2 ) If Q E u and µ(Q) = +oo, then given x. < +oo, there 
exists a set PE g such that Pc Q and 
x. < µ(P) < +oo. 
3) If P E g and µ(P) < +oo, then 
µ(P) = Inf. [µ(u) : P c U, U E u]. 
NOTE : The term ~eal valued ' will refer to the extended 
range [-oo, +oo], 
1 . 2.2 A set functionµ, defined on a ring g, will be 
called a MEASURE if and only if; 
1) µ is real valued, non-negative, additive, and 
µ(o) = o. 
2) µ possesses a basis of sets from g. 
Given a set X, and a ring of subsets g; (X, g, µ) 
will be called a MEASURE SPACE if and only ifµ is a 
measure defined on g. Ifµ is a real valued set 
function defined on a ring g, then a set p E g will be 
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called ( µ) FINITE if Iµ( P) I < + oo, or ( µ) a-FINITE if it 
is contained in a countable union of ( µ) finite sets 
from g. A measureµ, defined on g, will be called a 
FINITE MEASURE (a-FINITE MEASURE) if and only if all 
sets in g are(µ) finite (a-finite). 
Ifµ is a real valued non-negative countably 
additive set funct~on defined on a a-ring g, then the 
class of all(µ) a -finite sets in g forms a basis for 
µ. In partic ular, all measures in the sense of [H] 
chapter IV are measures in the sense of (1.2.2). 
1.2.J PROPOSITION: If (x, g, µ) is a measure space, 
thenµ is countably additive on~ if and only if it is 
countably subadditive on some basis (forµ). 
6 
PROOF: Letµ be countably subadditive on the basis u. 
Given that [Er : 1• = 1, 2, ... ] is a disjoin t fami l y of 
co 
sets from g such that E = LJ E r is also a member of 
1°=1 
co 
it will be shown that µ(E) = 6 µ(Er). The result is 
r=l 
immediate if µ(Er) = + co for some r, hence suppose 
µ(Er) < + co for all r. Given e > 0, select for e a ch r 
a set Ur E u, such that E r c Ur' and µ(Ur\Er) < e(½)Y'. 
Now for each r, µ ( E ) + µ(u \E ) = µ(u .. J, thus, 
r r r ~ 
co co 
~ 6 µ ( u ) . 
r=l r 
+ E: 
Butµ is c ountably subadditive on u, hence, 
co co co 
6 µ(E ) 
r =l r 
+ e ~ 6 µ ( U ) ~ µ [ LJ Ur ] ~ µ ( E ) . 
r =l r r =l 
g, 
The arbitrary choice of E: > 0 gives the required result 
co 
as the inequality 6 µ(E r ) ~ µ(E) is self e vident. 
r =l 
The condition is clearly necessary on every basis. 
1. 2. 4 If (X, g, µ) i s a measure space, and u some 
given basis forµ, then let P(u) be the class of non-
ne gative real valued functions on X such that cp E P(u) 
if and only if [ x : c/> (x ) > r ] E u for each r ~ 0. 
When Xis a topological space, and u is the class 
of all open sets, then ~(u) is the class of all non-
negative lower semicontinuous functions on X. The 
following lemma sets out in detail the properties of 
functions in ~(u) that will be of importance for the 
theory of integration given in chapter II. 
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1. 2.5 LEMMA : Let u be a basis for some measure, then; 
1) If 4l_ and <P2 are members of Hu) so are 
<j)l V ~' c/>1 /\ ~' and cp l + c/>2 . 
2) If [ct>) is a monotone increasing sequence of 
functions from ~(u), with limit <P, then c/> E ~(u). 
PROOF: 
(1) Let r~ 0 be some given fixed constant. Define, 
A = [ X : 
r 
Hence; 
r], and B 
1' 
- [x . 
- . <1>2 (x ) > r ] . 
The sets Ar and Br are members of u for each r ~ O, and 
as u is closed under finite union and intersection, it 
Hu). 
Let [x: cp1 (x) + <P 2 (x) > rJ = Q, and for each 
integer~~ 1 and (s = 0,1,2 ... ,~), define; 
8 
00 it 
The set P = LJ [ LJ 
it=l s=o 
P ] is a member of u, as any basis 
Sit 
is closed under finite intersection and countable union 
(section 1 .2. 1). It is clear that Pc Q. 
Suppose x E Q is such that <P 1 (x) = a., cp2 (x) = S, and 
a. + S :e: r+ 2 6 , 6 > O • Choose it such that(~)$ 6, and 
it 
suppose a.~ r, then there exists an integers~ it such 
that O < a. - s.(~) ~ 6. Thus, 
it 
0 < a. - s. ( .!) + r ~ 6 · + r < a. + S, which reduces to 
it 
r. ( l - ~) < S = <P 2 (x) . 
This inequality, together with r-({) <a.= <P1 (x), 
demonstrates that x E P c P. 
Si{ 
If both a. and S exceed r, then x E P for all 
s it 
allowable sand iti hence x E P. Thus Q = P, and as 
P E u, we have that 'Pi + cp 2 E ~( u) , as required. 
( 2 ) Let Q = [x : cp (x ) > r], and Q = [x : cp ( x) > r ] . 
it it 
If x E Q is such that <P ( x ) :e: r+ 26, 6 > O, then there 
exists an integer it such that <P( x) :e: <P (x) :e: r + 6; 
it 
hence x E Q • 
it 
00 
Thus Q c LJ Q it, and as the reverse 
it=l 
inclusion is immediate from the definition of Q, we 
00 
have Q = LJ Q , which is a member of u, hence 
it=l it 
<PE ~(u), as required. 
i 
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1 . J GENERA TORS 
In this section it will be shown that some measures 
defined on certain algebras containing the Borel algebra 
of a topological space may be 'generated' by more 
elementary set functions. The most important property 
of such a measure is that the open sets form a basis 
for the measure. These measures will feature prominently 
in chapters III and IV. 
A subset of a topological space will be called 
NORMAL if it is a normal topological space under the 
induced topology. All closed subsets of a normal space 
and all compact subsets of a Hausdorff space satisfy this 
condition . 
l.J.l Let X be a topological space . Then [x, C, A] will 
be called a GENERATOR SPACE if and only if; 
1) C is a class of closed normal subsets of X, such 
that C is closed under finite union, and any 
closed subset of a member of C is also a member. 
2) A is a monotone, additive and subadditive, finite 
real valued non-negative set function, defined on 
C, such that A(O) = 0. 
J) For each set KE C, there exists an open set U, 
containing K, such that 
Sup.[A(L): L cu, LE C] <+a>. 
When X and Care understood, A will be referred to as 
a GENERATOR . The class of all closed subsets of a normal 
10 
space and the class of all compact subsets of a Hausdorff 
space satisfy condition 1). 
1 . J. 2 If [ X , C, A] is a generator space then A will be 
called a REGULAR GENERATOR if and only if; 
Given P E C there exists for each€> o an open set U 
€' 
c ontaining P , such that if K E C and P c K c U €, then 
l.J.J Let [X, C, A] be a generator space and s uppose u 
is the c lass of all open subsets of X. Define the set 
* function A on u such that if U Eu, then 
A*(u) = Sup. [ A(K) : K c U, K E C ] . 
* Finally, extend the domain of definition of A to the 
c l ass of all subsets of X, such that if Ac X, then 
A generator A, defined on C, is regular if and only if 
* A= A on C. 
1.J.4 LEMMA: Let [x, C, A] be a generator space . If K 
is a member of C contained in the union of two open sets 
U and V, then there exist two members of C, A and B say, 
such that; A c U, B C V, and K = A U B. 
PROOF : The sets K\ U and K\ V are closed, and as 
Kc (u U v), they have empty intersection . Hence, as K 
i 
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is normal, there exist relatively open sets P and Q such 
that; (K\V) C P, (K\U) c Q, and P n Q = 0. 
If A= K\Q and B = K\P, then A and Bare relatively (to K) 
c lo sed, hence closed in X, as K is closed in X. The sets 
A and B, being closed subsets of a member of C, are 
themselves members of C by (1.J.1)(1). Now, 
A= (K\Q) c K\(K\U) =Kn U, hence Ac U, and similarly 
B c V. Finally, AU B = (K\Q) U (K\P) = K\(P n Q) = K. 
1.J.5 PROPOSITION: If [ x, C, A] is a generator space, 
* then A, as defined in (1.J.J), is monotone, subadditive, 
* and satisfies A (o) = 0 . 
PROOF : The first and third properties are immediate 
consequences of definition (1.J.J). It is clear that 
it will be sufficient to demonstrate subadditivity on open 
sets . 
If U and V are open sets , and KE C is such that 
Kc (u U v), then by (1.J.4) there exist sets A and B 
from C, such that Ac U, B c V, and K = (AU B). Thus, 
* * = A(A u B) $ A(A) + A(B) $ A (u) + A (v), 
and A*(u u v) = Sup.[A(K): Kc (u U v), KE c ]. 
* * * These inequalities give; A (u U v) $ A (u) + A (v). 
I 
Li 
l.J.6 If [X, C, A ] is a generator space then let C(\*) 
* be the class of subsets of X such that KE C(\) if and 
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* * * only if for each subset A of X, A (A) = A (A n K)+A (A\K). 
* * The equation A (o) = 0 is sufficient to show C(\) is an 
* * algebra and that A is additive on C( A ) . [ See [H] 
section 11 for the details of a similar result]. 
l.J.7 THEOREM: Let [X, C, A] be a generator space and 
suppose U is the class of all open subsets of X, then; 
1) U c C( A*) 
2) U forms a basis for A* restricted to * C( \ ) . 
* * J) (X, C( A ) , A ) is a measure space . 
The measure A*, defined by restr i cting A* to C(\*), will 
be called the measure GENERATED by the generator A. 
PROOF: Let K be a closed set, A an arbitrary set, and 
U any open set containing A. Suppose E and Fare members 
of C such that E c (U\K) and F c (U\E), then; 
\*(u) ~ \(E U F) = \(E) + \(F). 
~ \(E) + Sup. [\(F) : F c U\ E, F E C]. 
* * ~ A ( E ) + A ( U\ E ) ~ A ( E) + A ( K n U) . 
~ A* ( K n U) + Sup. [ A ( E) E c ( U\ K) , E E C] . 
* * * * ~ A (K n u) + A (U\K) ~ A (K n A) + A (A\K). 
* A (A) = Inf. [\*(u) : Ac U, U E u] ~ \*(A n K) + \*(A\K). 
.... 
* Thus, as A is subadditive, we ha e; 
* * * * A (A) = >.. (A n K) + >.. (A'ili:), hence K E C( >.. ) by (1.3.6). 
This shows that U c C(>..*), as C(>..*) is an algebra 
containing the closed subsets of X. 
* If Pis any member of C(>.. ), and V any member of 
u, then the following equations hold; 
* Inf. [ >.. * (u) u] .... ( 1) >.. ( P) = p CU, u E 
* Sup . [>..* (K) C ] .... ( 2) >.. (v) = K CV, K E 
(1.3.1)(3) * C. Condition ensures that >.. is finite on 
(1. 2. 1) * Definition now shows u to be a basis for >.. . 
13 
[(1) above, gives (1.2 . 1)(3), while ( 2 ) , gives (1.2 . 1)(2).] 
14 
CHAPTER II 
INTEGRATION WITH RES PECT TO A MEASURE 
2 . 1 INTRODUCTION 
The principal aim of this chapter is to set out an 
approach to the theory of integration that makes explicit 
use of the concept of a basis (s ee 1.2 . 1) for a measure. 
It wi ll appear that the functions in ~(u) (see 1. 2 . 4) 
have an important r~le to play in this development . 
To begin, given a measure space (x,g,µ), define the 
vector space G( g ,µ), of functions on X, such that 
g E G ( 8,u) if and only if it is of the form 
x (A ) . 
!' 
Wh re for each r, x (Ar) is the characteristic function of 
som (µ) fi ni te set Ar E ~. and ar is a finite complex 
scalar . 
It is cl ar thatµ defines, in a natural way, a 
linear functional Lµ' on G(g,µ), such that 
,{ 
Lµ ( g) = 6 a µ ( A ) . 
r=l r r 
A simpl e check, using the prop rties of a ring, will show 
Lµ to b w 11 defin d . For th sake of simplicity in the 
-
I 
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following development put L (g) = µ(g) for all g f G(g,µ). µ 
This meansµ will have two domains of definition, one 
the original ring g , the second being G(g,µ). The 
particular doma in involved will be made clear from the 
context. 
The first section of this chapter will be concerned 
with a series of results leading to the definition of 
a seminorm (N) on a vector space of functions containing 
G(g,µ). The notion of an integral will be d efined in 
terms of the unique N-continuous extension of the linear 
functionalµ to the (N) closure of G(g,µ). The remainder 
of this chapter will deal with those properties of 
integrable functions most easily d iscussed in terms of 
this particular approach to integration theory. 
..... 
2.2 SOME PRELIMINARY PROPOSITIONS 
Throughout this section (X,8,µ) will be some given 
fixed measure space and u some fixed basis forµ. Let 
G+(g,µ) be the set of all real valued non-negative 
functions in G(g,µ). 
2.2.1 Define u* on ~(u) such that if¢ E ~(u) then 
µ* (¢) = Sup.[µ(g) g ~ ¢ , g E G+ ( g, µ) ] . 
The inequality µ* ( ¢1 + ¢2 ) ~ µ*(¢ 1 ) + µ*(¢ 2 ) follows 
direct l y from the additivity ofµ on G(g,µ). 
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The remainder of this section will be concerned with 
the properties ofµ * on ~(u) and the extension ofµ* to 
larger sets of functions. 
2 . 2 . 2 LEMMA: If ¢ E ~(u), then Inf.(¢,n) E ~(u) for 
all n > o, and 
PROOF: 
Lim.µ* [Inf. ( ¢, n )] = µ* ( ¢ ). 
'11 
A simple check of the definitions will show 
that Inf.(¢, n) E ~(u). 
Clearly, Lim.µ*[Inf.(¢,n)] ~ µ* ( ¢ ) .... (1) 
n 
Suppos~ gE G+(g,µ) is such that g ~ ¢. As g takes at 
most a finite number of distinct values there exists some 
real constant n > o such that g ~ Inf. (¢ ,n), thus we 
obtain 
-
' 
Lim.µ*[ Inf.(q,,n)]:?: Sup.[µ(g): g~ cp, g E G+(g,µ)]. 
The right hand term in the above inequality is µ*(cp) by 
de finition. The required result now follows from 
inequality (1) above. 
2 . 2.J LEMMA: If </> E cp( LI), and A is any member of LI, 
then the function x(A). cp E cp( LI), 
and µ*( </>) = Sup.[µ*( x(A). </>) µ(A) < +CD ' AELI]. 
PROOF: Definitions (1.2.1) and (1.2.4) show the 
funct. on x(A). </> E cp( LI). 
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Clearly, Sup.[µ*( x(A). cp ) : µ(A) < +CD, AELI] ~ µ*(cp) .. (1) 
Suppose g E G+(g,µ) is such that g ~ <P · Properties (1) 
and (J) in definition (1.2.1) show there exists a finite 
member A of LI containing [x : g(x) > OJ, hence g ~ x(A). cp , 
thus we obtain 
Sup.[µ*( x(A). cp ) : µ(A) < +CD, AELI] 
:?: Sup.[µ(g): g ~ </> , g E G+(g,µ)] 
The right hand term in the above inequality isµ*(¢) by 
definition. The requir d result now follows from inequality 
(1) above. 
-
' 
... 
2 . 2.4 PROPO ITION : If ¢1 and ¢ 2 are membe r s of ~(u), 
then the function ¢1 + ¢2 E ~( u), and 
µ* ( ¢1 + ¢2 ) == µ* ( ¢ 1) + µ* ( ¢2) ' 
PROOF : The fun tion ¢J._ + ¢2 E ~(u) by (1.2 . 5). Lemmas 
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(2.2.2) and (2 .2. J) s how that it is sufficient to consider 
the case in which ¢1 and ¢2 are bounded, and vanish 
outside a finite set AEu. If ¢E ~(u), then given€> O, 
the sets [ x : a < ¢(x) s; Cl + €] are members of g for all 
a~ O. Hence , there exists a finite d isjoint family 
[Ar : r=l , 2, .. . n], of sets from g , such that if 
a= Inf.[¢ 1 (x) : x EAr], and 13 = Inf . [¢2 (x) : x EA], r r r 
then; 
1) Sup . [ ¢1 ( x) x E A ] s: a + € r r 
2) Sup . [ ¢2 ( x) x E A ] s; 13 + € r r 
n 
J) [ X : ¢1 (x) + ¢ 2 ( x) > 0 ] = LJAr CA 
r=l 
Let x(Ar) d note the characteristic function of Ar , then; 
n n 
6arx(Ar) s; ¢1 s; 6 (ar + dx(Ar) 
r=l r= l 
n n 
6 arµ(Ar) s; µ* ( ¢1) s; 6 (a.r + €) µ(Ar) 
r=l r=l 
n 
Iµ * ( ¢1 ) - 6 arµ(A 1.) I s: € µ(A) 
r= l 
....... 
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Similar inequal ities can be obtained for ¢2 ~ and ~ + ¢ 2 , 
with ~r and ar + ~r respec ively, in place of ar. By 
adding these inequalities we obtain 
required result now follows. 
2.2.5 PROPOSITION : The measureµ is countab l y additive 
if and only if for each monotone increasing sequence 
[¢n], of functions from ~(u); 
Lim.µ * (~ ) =µ*(Lim.¢) 
-r n n 
PROOF: Proposition (1.2 . J) shows the condi tion to be 
sufficient. 
Letµ be a countably additive measu e and put 
¢ = Lim. ¢n• 
Then ¢E ~(u) by (1 .2.5 ). Suppose A E g, and a> O, are 
such that ¢(x) > a for x E A. 
00 
then A = LJ Kn. 
n=l 
If K = [x : ¢ ( x) > a] n A, 
n n 
Given E: > 0 , t h er exists an integer m such hat if 
m 
n > m, and B = )d_ K r' then µ(A\B) < E: and ¢n (x) > a 
for x E B, (A finite). 
s 
uppos ¢ > g = ~ a.rx(A), where for each r, x(Ar) 
r=l 
is the haracteristic function of some finite set Ar E g, 
and a > 0 . From the above remarks we may define a set r 
Br c Ar such that for each r, µ(Ar '\. Br) < E:, and [q, n] 
ultimately exceeds ar on Br . Hence [<l>n] ultimately 
s 
exceeds 6 a x(B ) , if A,,Mm = O for x. / m 
r =l r r "-
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NOW µ ( g ) = 6 a µ ( B ) + 6 a µ (Ar\. B r) < 6 a µ ( B ) + E: 6 a , 
r r r --- r r r 
henceµ * ( <I>)~ Lim . µ*(<!> ) ~ 6 a µ(B) > µ(g) - E: 6 a . 
n r r r 
Thus , t' inally , 
µ* ( <!> ) ~ Lim.µ* ( <!>n ) ~ Sup. [µ(g): g < <)>, gE G+(g,µ)] . 
The right hand term of the above inequality isµ* ( <)> ), and 
the result follows. 
2.2.6 If f is an extended real valued non-negative 
function on X then extended the domain of definition of 
µ* such that, 
µ* (f) = Inf.[µ*( <j> ): f ~ <j> , <l>E Hu)]. 
If f is not domina ted by a member of ~(u) then put 
µ* ( f) = + ex,. 
2 .2.7 PROPOSITION : µ* (f) = µ(f) for each f E G+(g,µ). 
n 
PROOF : Suppose f = 6 Ct x(A ) ; where for each r , x(A ) 
r =l r r r 
is the characteristic function of the finite set Ar E g 
and Ct is a positive scalar . Given E: > 0 , for each r, 
1' 
there exists a set Ur E u such that ~ c Ur and 
ow, by proposition ( 2.2. 4), we have, 
n 
µ * [ 6 arx(u r )] = 6 arµ * ( x (ur)) = 6 a~(ur), 
Y'=l 
n 
Hence, µ* [ 6 a x(u ) ] < µ(f) + e 6 a . 
r=l r r r 
a . 
r 
n 
But 6 a x(u ) 
r=l r r 
is a member of q;( Lt) that dominates f, hence, as E: > 0 
21 
was chosen arbitrarily, we have µ* (f) = µ(f) by definition 
(2.2.6) above. 
2 .2.8 PROPOSITION : The measureµ is countably additive 
if and only if for each monotone increasing sequence 
[fn ], of extended real valued non-negative functions on 
X, we have; 
Lim.µ* ( fn) = µ* (Lim,f n ) • 
PROOF : 
(2.2 . 5). 
The condition is sufficient by proposition 
It is lear that we may suppose µ * (f) < + 00 
n 
for all n. Thu, given e > O, choose for each n, a 
function A-n E qi ( Lt) such that A- ~ f , and 
'I' 'f'n n 
µ* ( <t>J - µ* (fn ) < e (½t. 
Let iJ!n= Sup.(<t>1 ,<t>2 , . . ,<t>); then iJ!nE q,(Lt) by 
(1. 2.5 )(1), and [iµJ is a monotone increa sing sequence. 
If W = Lim . *n' t hen w E ~(u) by (l. 2 ,5)( 2 ), and 
Lim,µ * (wJ = µ*( w) by ( 2.2,5 ), Now for each integer n , 
Wn + h e n ce by ( 2.2.4), 
n 
~ [ I; [ µ* (cj> ) - µ* ( f ) ] -
r= l r r 
n r 
€ I; ( ½) 
P=l 
Thus, Lim.µ* (/) ~µ* (Lim,/) ~ µ* ( w), and n n 
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The result now allows as the choice of E: > 0 was arbitrary. 
2.2,9 PRO POSITION : (FATOU ' S LEMMA) : If [j ] is a n 
countable family of extended real valued non-negative 
functions on X, th n ; 
PROOF : If F n = In f . [j r : r 2: n ] , then [F n ] is a monotone 
increasing sequen e su h that Lim,Fn = Lim,inf,fn · Hence , 
by ( 2.2 .8), we have 
µ * [Lim.inf,fn] = µ* [Lim.Fn] = Lim . µ* (Fn ) ~ Lim.inf.µ * (.fn ). 
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2 . 3 SEMI ORMS DEFIED B µ* 
It is appare n t t ha t h e results of s tion 2.2 h o ld 
for any given basis . In general , µ* is not d etermin e d 
un i quely byµ, a s the d e inition given in (2.2.6 ) is 
d epe ndent on the ho ice of ba is forµ. However, a s the 
fo llowing proposition show, µ*ma ybe regarded a s 
independent of any partic ular b a sis ifµ is coun t a bly 
addi t ive. 
2.3. 1 PROPOSITIO Let (x,g ,µ ) be a me asure space and 
s uppo se u1 and u2 e a c h form a basis forµ, Ifµ is 
coun t ably addi tive, µ1 and µ~ a re d efined b ul and u2 
respective l y, in ac ordance with (2.2.6 ), t h enµi = µ~ . 
PROOF : Suppos e <P E qi( u1 ) is bound e d by uni ty and vanishes 
outsid e a finite set AEg, Given an integer n > O, 
l et A = [ x : r- l < cp ( x) ~ ..l'] for r E ( 1, 2, • , n ) . 
r n n 
Ea h Ar is a member of g contained in A and 
1 n 
- 6 ( r- 1 ) X ( A ) < 
n r=l 
Thus , i µ* = µ* 0 1 µ*=µ~,we have by (2 .2 .7 ) , 
1 n 
!µ*(qi) --6(r-l)µ(A _ ) 
n!'= l 1' 
1 ~ -µ(A) 
n 
Add i ng t he t wo in qualities gives I µi( cp ) - µ~( cp) I ~ 2 µ(A). 
n 
Hence µi(¢) = µ2(¢), as the choice of n > 0 was 
arbitrary, and µ(A) < +ro. 
Let g be a real valued non-negative bounded function 
that vanishes outside a finite set. Then 
where¢: ¢ ~ g may be taken as bounded and vanishing 
outside some finite set. Thus, from the above 
discussion, we have that µ2(g) $ µ2( ¢ ) = µi(¢), which 
implies µ2( g) $ µi(g). Finally, by symmetry, µi = µ2 
on all non-negative bounded functions that vanish 
outside finite sets. 
Let f be any non-negative extend e d real valued 
function on X. If both µi and µ2 are infinite on f, 
then they agree on/, hence supposeµ! is finite on f · 
Then there exists ¢ E t(u1 ) such that¢ ~ f and 
µi ( ¢ ) < +ro. Now for each integer n > O,the sets 
B = [ X 
n 
¢(x) >~]are finite members of g by (1. 2.4) 
n 
and (1. 2 .1) ( 2 ). 
If fn = x(Bn). Inf . (j, n ), then [j n ] is a monotone 
increasing sequence of bounded functions, each vanishing 
outsid a finite set. 
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ow Lim . fn = f , thus µi(.f) = Lim.µi(.fn) = Lim.µ2(fn ) = µ2(f), 
asµ is countably additive (see 2.2.8), and µf(fn) = µ2(fn) 
for each integer n by the preceding discussion of the 
bound d case. 
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2.J.2 IMPORTANT NOTE : Thr oughout the remainder of this 
chapter , when given a measure space (x,g,µ), expressions 
and definitions involvingµ* may be given without 
reference to any particular basis for the definition 
ofµ*. This amounts to supposing either, a given fixed 
basis being specified t hroughout , thereby removing the 
necessi t y f o r c onstan t reference to a basis, or thatµ * 
is independent of any partic ular basis. The latter 
interpretation holds for all countably additive measures 
by ( 2. J . 1) . 
2 .J.J Let (x,g,µ) be a given me asure s pac e and suppose 
ex is t he vector space of all finite complex valued 
functions on X. 
Define; 
(1) Non ex such that if f E ex then ( j ) = µ* (IJI). 
( 2 ) J (µ) such that f E J(µ) 
and N(f) < +oo. 
X if and only if f Ee 
Then G( ,µ ) c J (µ) and N is a seminorm on the vector 
spa e J( µ) . 
Let£(µ) be t he closure of G(g,µ) in J(µ) with respect 
to N. 
A f un tion fro m ex will b c alle d INTEGRABLE if and only 
if it is a me mber of£(µ). A set will be called integrable 
if ·ts characteristic function is integrable. All finite 
s ts i n g a re integrab l e. 
2 .J.4 If f E G(g,µ), then I µ(.[) I ~ N(.f). This shows 
µ to be N- continuous on G(g,µ). The linear functional 
µ may now be extended (without change in notation), as 
an N- continuous linear functional, to the vector space 
£(µ). This continuous extension is unique. If g E £(µ) 
then µ(g) will be referred to as the INTEGRAL of g with 
respect to the measure µ. Clearly, lµ(g) J ~ (g) for 
all g E £(µ). If x(A) is the characteristic function of 
an integrable set A, then put µ[x(A)] = µ(A). This 
simplification is consistent with that made in the 
introduction to this chapter. 
2.J.5 If x(K) is the characteristic function of any 
subset K of X, then put µ * [ x (K)] = µ* (K). The set K 
will be called NEGLIGIBLE if and only µ* (K) = 0. All 
subsets of a negligible set are negligible, and all 
negligible sets are integrable. In general any finite 
union of negligible sets is negligible, but ifµ is 
countably additive, this extends to countable unions by 
(2.2.8). A property of points in X will be said to hold 
ALMOST EVERYWHERE (a.e) if and only if the set of points 
on which it does not hold is negligible. 
2.J . 6 PROPOSITION: If f E J(µ) and f = 0 almost 
everywhere then N(j) = O. Hence f E £(µ) and µ(j) = 0. 
In particular, if f and g are members of £( µ) such f = g 
almost everywhere, then µ(j) = µ(g). 
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PROOF: Choos e¢> E ~(u) such that ¢> :2: IJI andµ * ( ¢> ) < +ex>. 
Define for each integer r > O; 
<Pr = Inf. ( <t> , r) 
w = Sup. ( cp , r) - r 
r 
fr = Inf. ( If I , r) , 
gr = Sup. ( If I, r ) - r, 
Then ¢> and w are members of ~(u) that dominate j and 
r r r 
g1, respectively. We have µ* ( .fr ) = 0, as f is bounded r 
and vanishes outside a negligible set. Now 
µ* ( IJ I)= µ* (Jy, + gr ) 
and µ* ( ¢> ) = W(cp r) + 
~ µ* ( f ) + µ* ( g ) = µ* (g ) ~ µ* ( * ) ' r r r r 
µ* ( w ) , hence µ* ( IJI) ~ µ* ( ¢> ) - µ* ( m ) , r ~r 
Lemma (2.2.2) shows that Lim,W(<P ) = µ* ( ¢> ) for all finitely 
r 
additive measures, hence N(j) =µ * (!JI) = 0 as required. 
2 .J, 7 PROPOSITION: Ifµ is countably additive, and f 
is an extended real valued non-negative function on X, 
then µ* ( j ) = 0 if and only if only if f = 0 almost 
everywhere. In particular, if g E ex, then N(g) = 0 
if and only if g = 0 almost everywhere. 
PROOF: Suppose f = 0 a.e. If~ = Inf.(f,r), then 
O, as f 
r 
is bounded and vanishes outside a 
negligible set. 
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µ* (Lim./) = µ* (j). 
r 
Now by (2.2 . 8), 0 = Lim.µ * (fr) = 
Suppose µ* (j) = 0. Put A= [x: j(x) > 0 ], and for 
each integer K > 0 l et A = [x j ( x) > !]. Then, as 
K K 
µ* (A) = 0 f or all K, we have by (2.2.8), 
K 
0 = Lim.µ* (A) =µ* (Lim.A) = µ * (A). This shows that A 
K K 
is negligible as required. 
2.3.8 Proposition (2.3.6) makes it possible to extend the 
class of integrab l e functions from£(µ) to a larger class 
F(µ). A complex valued function f, defined almost 
everywhere on X, will be a member of F(µ) if and only if 
there exists a function g E £(µ) such that f = g almost 
everywhere. If f E F ( µ) and g E £( µ) such that f = g a. e, 
then the domain of definition ofµ may be extended to F(µ) 
such that µ( f ) = µ(g). This extension is well de fined, 
for suppose h E £(µ) such that f =h a.e, then h =g a.e 
and µ( h ) = µ(g) by proposition (2.3. 6 ). The class F(µ) 
will be cal l ed the class of all(µ) INTEGRABLE COMPLEX 
VALUED FUNCTIONS, as dis tinct from£(µ), the vector space 
. . X 
of all integrable functions in C . (s ee 2.3.3). 
Although F(µ) is not a vector space, an equiva l ence 
relation R, may be defined on its members, such that 
f R g if and only if f = g a.e. The resulting set of 
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equivalence classes is a vector space. Denote this space 
by L(µ). A seminorm and linear functional corresponding 
to N andµ respectively, may be de fined on L(µ). Indeed, 
by (2.J.7), this seminorm is a norm ifµ is countably 
additive. In general, the structure of L(µ) and£(µ) 
are similar, thus no further reference will be made to 
L(µ), as results relevant to this space may be obtained 
directly from the properties of£(µ). 
2.J.9 PROPOSITION: If f E £(µ) then Iii E £(µ) and 
µ( ifi) = µ* ( it!) = N(j) • 
PROOF: As£(µ) is the N- closure of G(g,µ) there exists 
a sequence [f] of functions from G(g,µ) such that for 
1{ 
1 
each 1{ ~ 1, N{f - f) < -
1{ 1{ 
1 
1{ > ( f - t 1{) = µ* ( I/ -
µ* (lltl - lt1{1 1) = 
t 1{ I) ~ µ* ( I If I - It 1{ I I), and 
( ltl - lt1{1) ~ Iµ( Ill - lt1{1) I 
The first sections of the above expression show !fl to 
be integrable, hence the last section holds, which gives, 
L~m. µ( If 1{ I) = µ( I/ I). Now 
µ* (If- 11{ 1) ~ lµ* (lfl) - µ* (l /1{ 1)1, hence 
Lim.µ* ( lfftl) = µ* ( ifl). 
Proposition (2.2.7) gives µ* ( If I) = µ ( It I), as 
1{ 1{ 
+ If I E G( g,µ), hence from the above limit results we 1{ 
obtainµ( !fl) = µ* ( lf l) as required. 
2.4 SEQUENCES OF INTEGRABLE FUNCTIONS 
In this section the relationships existing between 
various forms of convergence of sequences of integrable 
functions will be investigated. It is apparent that the 
properties ofµ * , as set out in the preceding section, 
JO 
a e similar to those ofµ* as introduced in [E] chapter IV. 
Although the symbols are defined in different contexts, 
several results in this section may be proved with 
arguments technically similar to those used for 
equivalent results in [E] chapterIV. For this reason, 
reference will be made to the appropriate result in [E] 
whenever this is expedient. 
2 . 4 .1 THEOREM: If (x,g,µ) is a measure space, µ 
[f] an N- Cauchy sequence from ex, 
. K countably additive, 
then [fK] contains a subsequence convergent point-wise 
almost everywhere to a function f for which 
PROOF : Refer to (2.2.9) of this chapter and see [E] 
page 191 (4 .6 .7) for technical details of the proof. 
The following corollaries are immediate consequences 
of theorem ( 2. 4.1) when it is remembered that~(µ) is the 
N- losure of G(g ,µ ) in~(µ). 
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2.4.2 COROLLARY: The vector spaces£(µ) and J( µ) are 
complete for the structure defined by the seminorm N. 
2.4.3 COROLLARY : In order that f E CX be integrable 
it is; 
(1) Necessary that there exist an N- Cauchy sequence 
from G(g,µ) convergent point-wise almost 
everywhere to f· 
(2) Sufficient that there exist an N- Cauchy sequence 
from£(µ) convergent point-wise almost 
everywhere to f· 
2.4.4 LEMMA: If u is any basis for the countably 
additive measureµ, then t E ~(u) is integrable if and 
only if µ* ( t ) < +ex:,. 
PROOF: The necessity of the condition is immediate. 
Ifµ* ( ~ ) < +ex:,, then it is simple to construct a monotone 
increasing sequence [ f x.]' of functions from G+(g,µ), such 
that Lim . f x. = f. 
Henc e, by (2 . 2 .5), Lim.µ* (f) = µ* ( t ) ..... · · (1) 
X. 
Now by (2.2. 7), if x. > m, 
N(j x. - f m) = µ* (j - fm) = µ(fx. - fm) = µ(fx.) - µ(J ), and X. m 
µ( / x.) µ(f ) = µ* (f x.) - µ* (t ) . m m 
The preceding line, together with equation (1) above, 
shows [j] to be an N- Cauchy sequence convergent point-
x. 
wise to t . The result now follows from (2.4.3), as ~ is 
equal almost everywhere to a CX function. 
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The above lemma will now be used to help establish 
the fol lowing three propositions. Two of these results 
will be of importance in the proof of the major convergence 
theorem (2.4. 1 2). 
2.4.5 PROPOSITION: If, for some countably additive 
measureµ, .t1 and / 2 are real valued integrable functions, 
then / 1 v.t2 and f 1 A,t2 are also integrable. In particular, 
the rea l functions in£(µ) form a vector lattice. 
PROOF : See l emma (2.4.4) above, and refer to [E] page 189 
(4.6.J). 
2.4 . 6 PROPOSITION: If .f is a real valued non-negative 
int grable function for some countab ly additive measure, 
and K ~ O, t hen Inf.(,t,K) is also integrable. 
PROOF : See lemma ( 2 .4.4) above, and refer to [E] page 190 
(4.6.5). 
2.4.7 PROPOSITION: Let [f] be a monotone increasing 
• K 
sequ nee of real valued non-negative integrable functions 
for som countably additive measureµ. Then f = Lim.f 
. . K 
is integrable if and only if Lim . µ(/) < +oo, in which 
K 
ase µ(J) =Lim.µ(/). 
K 
JJ 
PROOF: See (2.2.8), (2.3 .9), and (2.4.4) of this 
chapter, and refer to [E] page l90 (4.6.6). 
2.4. 8 Letµ be a given countably additive measure. The 
sequence of functions [f] will be called(µ) ALMOST 
,{ 
BOUNDED (a.b) if and only if, 
(l) The function f is integrable for each,{. 
,{ 
(2) For each€> 0 there exists an integrable set 
A, and an integer m, such that if I{ >m then 
µ[lf,{I - 11,{I A m-x(A)] < e. 
2. 4.9 It follows immediately from definition (2.4.8) 
that [ If I] is almost bounded if [f] is almost bounded. 
,{ ,{ 
Let [g] be an almost bounded sequence of real valued non-
,{ 
negative functions. If [h ] is a sequence of integrable 
,{ 
functions such that for each I{, lh I ~ g: almost 
,{ ,{ 
everywhere, then [h ] is an almost bounded sequence. 
,{ 
If [j ] and [ h ] are almost bounded sequences, then 
,{ ,{ 
so are [f ,{ + h ], [ Re./ ], and [Im.f ] . Finally, 
,{ ,{ ,{ 
[g] is an almost bounded sequence of real valued 
,{ 
if 
functions, then [Inf.(g ,o)] and [Sup. (g ,o )] are also 
,{ ,{ 
almost boun d e d sequences. 
2 .4.lO LEMMA: Ifµ is a countably additive measure, 
and f is a real valued non-negative integrable function, 
then given€> O , there xists an integer m and an 
integrable set A , such that, 
µ[f - f A m· x(A)] < r 
In particular, if [f] is a sequence of integrable 
X 
functions such that for each x, If x I s; / almost 
everywhere, then [f] is an almost bounded sequence. 
X 
PROOF: As f is integrable, there exists a monotone 
increasing sequence ['\, ], of integrable sets, such that 
f vanishes outside Lim.Am. Put f = j A m. x(A ) ; then 
m m 
[f] is a monotone increasing sequence of integrable 
m 
functions (see 2.4,5) such that Lim.fm = f · Hence by 
(2.4.7), Lim.µ(fm) =µ(/),and the required result 
follows. 
2.4.11 LEMMA: If, for some countably additive measure 
µ, [jx] is a sequence of real valued non-negative 
integrable functions, 
function. 
PROOF : 
then F = Inf.[f] is an integrable 
X 
monotone increasing sequence of non-negative integrable 
functions (see 2.4.5) with limit j 1 - F. Proposition 
(2.4.7) now shows j 1 - F to be integrable. Hence Fis 
integrable, as J i is given to be integrable. 
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2.4 . 12 THEOREM: I fµ is a oun t ably additive measure, 
and [j] a sequence of integrable functions such that 
){ 
Lim. f = f almost eve ywhere , then f is integrable, 
){ 
Lim.µ(/){)= µ(J) , and Lim . µ( IJ){I) = µ( lfl), if and only 
if [f ] is an almost bounde d sequence (see 2.4.8). 
){ 
If [j] is a .b then the remarks made in (2.4.9) 
){ 
PROOF : 
allow the proo for s ufficie ncy to be reduced to the 
case in which f is real valued and non-negative for 
){ 
each ){ . Definition (2. 4 . 8) shows the sequence [µ( IJ){I)] 
to be bounded , co n sequently f is integrable by (2 .4. 11) 
and (2 . 4.7) , as Lim . inf . / = f a . e. 
){ 
Given € > O, choose an integrable set A, and an integer 
m, such that 
µ[f - f l\ m, x(A)] < € • • • • • • • • • • (1) 
and for all ){ > m 
µ [ f - f I\ m• X (A) ] < € • • • • • • • • • ( 2 ) ){ ){ 
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The possibility of such a choice is guaranteed by (2.4.10) 
and (2.4.8). If g = f /\m. x(A ) and g = J l\ m.x(A1 then 
){ ){ 
[ g] is a sequence of non-negative bounded integrable 
){ 
functions such that Lim .g = ga.e. Hence by (2 .2 . 9) 
){ 
and (2. ·3 . 9) we have , 
µ(g) = µ(Lim . inf . g){) = 1-l*( Lim . inf . g){) ~ Lim.inf.µ*(g){) 
Lim.inf.µ* (g) = Lim.inf . µ(g) ){ ){ 
which gives 
µ(g) ~ Lim.inf.µ(g) 
,1. 
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. . . . . ( J) 
If g is replaced b y (m . x(A) - g ) , and g by (m. x(A) - g), 
,1. ,1. 
then the preceding argument gives 
µ[m,x(A) - g] ~ Li m, inf , µ[m , x(A) - g ,1.], 
hence 
µ(g) :2: Lim .sup , il(g) . • 
,1. 
Inequalities (J) and (4) give 
Lim . 11( g ) = µ(g) .•. 
,1. 
. . . . . . . 
. . . . 
(4) 
(5) 
Thus , from (1) (2) and (5) , we obtain Lim,µ(j) = µ(j) ,1. 
as required . 
Suppos e f is i ntegr able , Lim . / = f a.e, and 
,1. 
Lim . µ( If I) = 11( Ii I) · If g = Ii ,1.1 and g = Iii, 
,1. ,1. 
Lim . g,1. = g a . e , and Lim . µ(g ) = µ( g) . As f is ,1. 
then 
integrable we have b y ( 2. 4 . 10) , for each € > o, an 
integ able set A and an integer m such that 
µ [ g - g /\m. 'X (A) ] < € , • • • • • ( 6) 
The sequence [g /\ g ] is dominated by the integrable 
,1. 
function g, hence it is a.b by (2.4.10). The results of 
the proof for sufficiency may now be used to show 
Lim.µ(g /\ g) = µ( ~ - This result , together with 
,1. 
Lim.µ(g) = µ( g) , give s for each e > 0 an integer ,1.(e) 
,1. 
such that if ,1. > ,1.(e) hen 
µ[ -g /\ g]< e g ,1. ,1. . . . . . . . . (7) 
The inequality 
[g -g /\ m-')((A)] + [g1\ - g1\ /\ g] ~ [g1\ - g1\ /\m, x (A)] 
holds for all A and m, Hence , by (6) and (7) we have, 
µ[ If I - It \ Am. x (A)] = µ[g - g /\ m, x(A)] < 2e for 
){ ){ ){ ){ 
The above i n e q u ality shows [j] to be a.b ){ 
by definition (2 . 4 . 8) . 
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The convergenc e theorem (2.4 . 12) will now be used 
to establish Lebesgue's c onvergence theorem as a special 
case. 
2 , 4 . 13 COROLLARY: Letµ b e a countably additive 
measure , g a real valued non-negative integrable 
function, and [j] a sequence of integrable functions ){ 
such that Lim . / = f almost everywhere. If for each 
){ 
1\ , 111\1 ~ g almost everywhere , then f is integrable and 
Lim . µ(f) = µ(j) . 
){ 
PROOF: The result follows from theorem (2.4.12) as 
[j] is a . b by lemma (2 . 4. 10) , 
){ 
JS 
2.5 MEASURABLE FUNCTIONS 
It is a common feature of approaches to integration 
theory using topological structures on spaces of 
functions, to define integrable functions, that the 
concept of a measurable function, need not be 
directly introduc ed into the initial development . Indeed, 
to this point , the members of ~(u) have been the only 
functions introduced whose definition corresponds to that 
of a measurable function, as given below . 
The concept of measurable set, and measurable 
function , will now b defined in terms of integrable 
sets ; the re erse of the usual procedure . These 
definitions will be res ricted to the countably additive 
case. 
2.5.1 Let (X , g, µ) be a measure space and supp o seµ to 
b countably additive. A subset P of X will be called 
(g, µ) - MEASURABLE if and only if P n K is(µ) integrable 
for each(µ) finite set KE g_ \Whenµ is understood, 
denote the class of all (g, µ)-measurable subsets of X 
by~-
It is important to note that the definition of a 
measurable set, as gi en above, is dependent on both the 
measureµ and the ring g _ If A and Bare(µ ) integrable 
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sets, then AU B, An B , and A,B , are also integrable, 
as the real funct ions in£(µ) form a vector lattice by 
( 2 .4. 5). Proposition ( 2. 4.7) shows that all countable 
unions of g-subsets of an integrable set are integrable. 
These properties of integrab le sets, together with the 
fact that XE g , a re s ufficient to show that g is a 
a-algebra containing g. 
2 . 5 . 2 An extended real valued function f, defined(µ) 
almost everywhere an X, will be called an 
(g , µ)-MEASURABLE FUNCTION if and only if there exists 
a finite real valued function g, defined on X, such 
that f = g almost everywhere, and for all real r the set 
[ x : g ( x) > r] E g. 
A complex valued function will be called 
(g, µ)-measurable if and only if its real and imaginary 
parts are (g, µ) - measurable. 'When g andµ are understood 
an (g , µ) - measurabl function will be ref rred to as a 
'measurable' function. It is apparent that the 
(g , µ)-measurable functions are simply those functions 
defined almost everywhere on X which are equal almost 
ev rywhere to functions that are ~measurable in the 
sens of [H] chapter IV. The properties of 
(g, µ) -measurabl functions can be obtained from the 
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results of [ H ] chapter IV because of this identification. 
Two results will be of importance for the remainder of 
this chapter. 
Sums , and point -wise limits of convergent sequences, 
of measurable functions are measurable. 
2.5 . J LEMMA : Ifµ is a countably additive measure on 
8 , then a set Pis integrable if and only if PE g and 
PROOF : The remarks concerning integrable sets made in 
(2.5.1) show the condition to be necessary. 
* Ifµ (P) < +~, then there exists a function qi E ~(u) 
* such that qi ~ x( P) and µ ( qi) < + ~. Now the set 
[x: qi ( x) >½]is a finite (see 1.2.l (2)) member of 8 
containing P, hence Pis integrable by definition 
(2.5.1). 
A measureµ defined on a ring 8 will be called 
COMPLETE on g if and only if all subsets of negligible 
sets in g are members of 8. The above lemma will now be 
used to help establish the following extension and 
completion theo em for countably additive measures. 
2.5.4 THEOREM : If (X , 8 , µ) is a measure space, µ 
countably additive , and U any basis forµ, then; 
1) g is a * a - algebra containing g and µ =µ on 8. 
* 2) (X , g, µ) is a measure space such that u 
forms a basis forµ~ 
3) µ* is a countably additive and complete on g, 
4 ) ( µ * ) * = µ * and £( µ * ) = £( µ ). 
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PROOF : (1) The remarks made in (2.5.1) show that g is a 
a - algebra containing 8. Lemma (2.5.3) together with 
proposition (2 . 3.9) * show that µ = µon 8. 
(2) Suppose A and Bare disjoint members of g, 
* * * * If µ (A) = + CD then µ ( A U B) = + CD = µ (A) + µ ( B) . If 
both µ*(A) and µ*(B) are finite then both A and B are 
integrable by (2.5.3). Thus , by (2.3.9) and the 
additivity of µ on integrable sets we have, 
* * µ(A) µ(B) µ(A U B) µ*(A U B) µ (A) + µ ( B) = + = = 
* on g, Hence, µ is additive To show that u forms a 
* basis forµ it is sufficient to demonstrate that 
* * (1. 2.1 ) (3) holds for µ . If P E g and µ (P) < +CD, then 
given e>o, there exists a function~ E ~(u) such that 
* * ~ 2: x( p) and µ ( ~) - µ ( p) < e. 
Le t U = [x : ~ (x) > 1 - e], then P c U and 
* -1 * * -1 
µ* (P) s µ (u) s (1-e) µ ( ~ ) s [e+µ (P)J(1-e) 
Hence, as e>o was chosen arbitrarily, 
µ * ( P) - Inf. [ µ * ( U) : P c U, U E u ] . 
(3) The measure * µ is countably additive by 
(1. 2 . 3), as u forms a basis forµ* andµ*= µ on u. 
All subsets of a negligible set in g are negligible 
(see 2.3.5), hence(µ) integrable . and consequently 
members of g by definition ( 2 .5.1). 
( 4) If <P E ~( u) , then 
42 
(µ*)*( q,) = Sup. [ µ*(J) : f:;; <P, f E G+(g, µ*)]::. µ*( q, ). 
Proposition (2.3 .9) gives, 
* * + * * µ ( q,) = Sup. [ µ (g) : g::. <j), g E G (g , µ)]::. (µ) (q,). 
*() (µ*)*(A-), * ( * ) * Hence µ <P = ~ and c onsequentlyµ = µ in 
the sense of definition (2.2.6). Definition (2.3.3) now 
* shows that £.( µ ) = £.( µ). 
2 .5.5 THEOREM: If (X , g , µ) is a measure space, andµ 
countably additive, then a function f is integrable if 
and only if it is measurable and Iii is dominated almost 
everywhere by an integrable function. 
PROOF : If f is integrable, then by (2.4.3) (1), there 
exists a sequence of measurable functions convergent 
point - wise a.e. to f. Hence f is measurable by (2.5.2). 
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The function Iii is a suitabl e dominating function as it 
is integrable by (2.3.9) . 
Suppose i is measurable and Iii is dominated by the 
integrable function g. It is apparent that we may reduce 
the proo f to the case in which i is real valued and 
non-negative. Let~ be the a - ring generated by the 
0 
* class of all(µ) finite sets in g, The a-ring g is a 0 
* basis for the countably additive measureµ defined on 
g (see 2.5 .4) . Now g , and hence i , must vanish outside 
* some(µ) a-finite set (g is integrable). 
Henc e i E ~( g ) . 
0 
We have by ( 2 . 5 . 4), 
( µ*)* [ i ] = µ* (i) :,;; µ*( g) = µ(g) < + oo, 
* Hence by (2. 4.4) i is(µ) integrable, and consequently 
(µ) integrable by (2 .5 .4) (4). 
There appears to be no theorem equivalent to (2.5.5) 
for the finitely additive case . The following proposition 
gives a weaker result which will be of importance in 
chapter IV. 
2.5 . 6 PROPOSITION : Let (X, g, µ) be a measure space 
and suppose u forms a basis forµ. Then any bounded 
function from ~(u) , which vanishes outside a finite set, 
is integrable with respect toµ for any basis, and the 
values of these integral agree on such functions 
(see 2 . 3.2). 
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PROOF : Let u1 be some o t her basis forµ and suppose N 
and N1 are defined by u and u1 respectively (see 2 . 3.3). 
Suppose ¢ E ~ (u) is bounded by unity and vanishes 
outside a finite set A E g_ Given an integer K>o, define 
P = [x 
r 
P E g and 
r 
r-l <¢(x) s: 1:'.J for r E (1 , 2, . . . ,K). Then 
K K 
K K 
6 (r-l)X(P ) < K¢ s: 6 rx(P ). 
r = l r r = l r 
Thus 
1 K 1 K 1 6 (r- l)X(P ) ] s:- 6 µ(Pr) s:-;;: µ(A), where 
K r = l r K r= l 
µ(A) < + ""· A similar result may be obtained for N. 
Thus , ¢ is a point of closure of G( g, µ) for the 
structures defined by N and N1 . Definition (2 . 3,3) now 
shows ¢ to be integrable for both U and Ltl . Let the 
co r responding integrals byµ and µ1 . The above inequality 
gives 
K 
l 6 (r -1 ) X ( P ) ] s: _! µ ( A ) 
K r = l r K 
By adding the equivalent inequality forµ and N, we obtain, 
The required result now follows, as K>o was chosen 
arbitrarily, and µ(A) < + 00 • 
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2.6 AN ALTERNATIVE APPROACH 
In (1. 2.2 ) it was mentioned tha t any measure (µ) in 
the sense of [H] c hap ter IV is a measure in the sense of 
definition (1.2 . 2) . A question now arises as to the 
relationship between the functions integrable in the 
sense of [H] chapter V and the members oft(µ) as defined 
in (2.J .J) . In the following proposition the term [H] -
integrable' will be used to d enote functions integrable 
in the sense of [H] chapter V. If f is an [H] - integrable 
function then its integral in the sense of [H] will be 
deno ted b y f fdµ . 
2.6. 1 PROPOSITION : Let (x,g , µ) be a measure space in 
the sense of [H] chapter IV, Then (x,g ,µ ) is a measure 
space in the sense of definition (1.2.2), and if j is an 
[H] - integrable function, then 
j E t(µ) and J f dµ = µ(j). 
PROOF : It is clear that the p roof may be reduced to the 
case in which j is real valued and non-negative. If g 
0 
is the a- ring generated by the class of all(µ) finite 
sets in the a- ring g , then g f orms a basis for the 
0 
countably additive measureµ, 
Suppose ¢ is a rea l valued non-negative bounded [H] -
integrable function t hat vanishes outside a finite set A E g , 
I 
I 
I 
I 
I 
I 
Then¢ is measurable in the sense of [H] chapter IV; 
thus a member of ~(g0 ) by (1.2.4) . Now µ(g) = Jgaµ for 
all g E G( g , µ) , hence 
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µ * ( ¢) = Sup . [ µ ( g) : g ~ ¢ , g E G + ( g , µ) ] $ J ¢d µ < + cc • 
Thus ,¢ E ,r(µ) by (2 .4.4 ), andµ(¢)=µ*(¢)$ J¢ dµ .. (1) 
If ¢ is bounded by unity then x(A) - ¢ is a non-negative 
bounded [H]- integrable function . The above discussion 
then gives µ( x(A) - ¢) $ J( x(A) - ¢) dµ in place of (1). 
Thus , µ(¢)~ f ¢ dµ, which with (1), givesµ(¢)= J ¢dµ. 
As f is [H]- integrable there exists by [H] section 
25 theorem (F) a monotone increasing sequence [A ] say, of 
~ 
( µ) finite sets from g, such that [ x : f(x) > 0] c Lim.A . 
~ 
Define a monotone increasing sequence [j~], of [H]-
integrable functions, such that 
f = x(A ) .Inf.(/,~) ~ ~ 
Then Lim./ = f, and from the preceding discussion, for ~ 
each ~, 
/~ E ,r(µ) andµ(/~) = f J~dµ. 
Finally, (2.4.7) together with [H] section 26 theorem (D) 
gives, 
µ* (J) =Lim.µ*(/) = Lim.µ(J) 
~ ~ 
Hence, J E £(µ) , and µ(J) = µ*(j) = J f dµ as required . 
CHAPTER III 
TOPOLOGICAL MEASURES 
J.l INTRODUCTION 
In this chapter we shall return to the study of 
measures and measure spaces as introduced in chapter I. 
Howe ver, it will now be assumed that the underlying set 
is a topological space. Several concepts linking a 
measure with the underlying topology will be defined, 
and the relationships existing between these concepts 
discussed. The chapter will fall into two distinct 
sections; the first dealing with regularity, and the 
second with continuous set functions and Radon measures. 
J.2. REGULARITY 
Letµ be a real valued non-negative set function 
defined on a ring g of subsets of a topological space. 
A(µ) finite set PE g will be called; 
1) BOUNDED if there exists an open(µ) finite set 
from g containing P. 
2 ) OUTER REGULAR if 
µ(P) = Inf. [µ(U ) Pc U , U open, U E 8 ] 
I 
I 
I 
I 
I 
I 
L 
J) INNER REGULAR if 
µ( P) ~ Sup . [ µ(K) K c P , K closed, K E g] 
4) REGULAR if both ( 2 ) and (J) hold. 
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The set funct ion (or measure) µ will be called bounded, 
outer regular , inne r r egular, or regular, according as 
all(µ) finite sets in g have the corresponding property. 
NOTE : It is important to distinguish between the terms 
' bounded• and ' finite ' for a rea l valued non-negative 
set function defined on g_ 
J.2.1 LEMMA : Letµ be a rea l valued, non-negative, 
additive set function , defined on a ring g of subsets of 
a topological s pace. Suppos e u is a family of open sets 
from g that is closed under intersection, and Ca family 
of closed sets from g , such that if VE u and KE C, then 
K,v E C, and ; 
1) for each(µ) finite set u E u, 
µ(u) = Sup . [ µ(K) : K C u , K E c]. 
2 ) for ea c h(µ) finite set p E g, 
µ(P) = Inf. [ µ(u) p C u , u E u]. 
Then for ea h ( µ) finite set P E g , 
µ(P) = Sup. [ µ(K) : Kc P , KE C ] . 
In particular , all(µ) finite sets in g are regular. 
I 
PROOF: Let P be a n (µ) finite set from 8. Then, given 
€>o, there exists a c lo sed set KE C and a(µ) finite 
open set U E U such t hat, Kc U , P c U , and µ.(U\K) < €. 
The set U\(K n P) is a finite member of 8, hence there 
exists a set VE u such that, (U\(K n P)) c V c U and 
µ [ V\( U \( K n P)) ] < € . 
V\(U\(K n P)) = V\(U n (K'U p')) 
= (v nu ' ) u (K n P n v) = (v n K n P). 
(v n K n P) = (Kn P n K') u (v n Kn P) 
= (Kn P) n (K'U v) = (Kn P)\.(K\.V). 
Also , (K\V) C K'\ (U\(K n P)) = K n (u'u (K n P)) = K n P, 
hence K\V is a membe r of C c ontained in P. The 
following inequalities may now be obtained. 
€ > µ. [V\(U\(K n p)) ] = µ [ (K n p )\.(K\.V)] = µ(K n p) - µ(K\.V). 
€ > µ.(U\K) ~ µ(P\K) = µ(P) - µ.(K n P). 
Adding the above inequalities gives, µ(P) - µ.(K\V) < 2 €, 
J . 2 . 2 LEMMA : Letµ. be a finite , real valued, non-
negati e, c ountably additive set function, defined on the 
Baire algebra (or a -algebra) 8, of a normal topological 
space X. Then , for each set PE 8; 
1) µ(P) = Sup . [ µ(K) K c P , K closed G0 set] 
2) µ.( P) = In f . [ µ( U) P c U, U open F 
O 
set ] 
-
In particular , µ is a c ountably additive regular measure 
on 8. 
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PROOF : Clearly, all open F
0 
sets , and closed G0 sets, are 
members of 8. Let J be the family of all sets from 8 
satisfying (1) and (2) above. As Xis a normal space, it 
is possible to const r u ct, using Urysohn's lemma, a 
monotone decreasing sequence of open F sets with a given 
cr 
closed G0 set as limit. Hence, asµ is countably additive, 
a,11 closed G0 sets are members of J. To complete the 
proof we shall demonstrate that J=8. As J contains all 
the generating elements of 8 (see 1.2) it will be 
sufficient to show that;, is an algebra (or a a-algebra 
when 8 is the Baire CT-algebra) . 
Suppose [A ] is a sequence of sets from J such that 
n CX) 
A = LJ An is a member of 8. Given e:>o, choose sequences 
n =l 
[un] of open F 0 sets, and [Kn] of closed G0 sets, such 
that for each n, 
K CA C u and µ(u \ K ) < e: ( ½) ~ 
n n n n n 
oo m 
Let U = LJ q, and choosem such that µ(U) - µ[ LJ U ] < e:. 
1" ::. l 1" =l 1" 
Such a hoice is possible asµ is gi en to be countably 
-
m 
additi e and U is an open Fa set. If K 
= u K , then r 
r ==l 
K CA CU and 
m m 
(U'1<:) c [ u 
1'= 1 
( U \.K ) ] U [ U LJ U ] . 
r r r::l r 
m m 
Hence µ( U\K) s; 6 µ(U K ) + µ(u) - µ[ u u ] < 2 8. 
r == l r r r==l r 
Thus A E J , as u is an open F set , and K a closed G0 a 
set, such that K CA CU . 
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Suppose A and Bare members of ;Ji. Given e:>o, choose 
open Fa sets U and V, and closed G0 sets Kand L, such 
that 
K CA cu , L CB CV , µ(U\K) < e: , and µ(V\L) < e:. 
Now (U\L)\(K\V) c (U\K) U (V\L) , hence, 
µ[(U\L)\(K\V)] s; µ(U\K) + µ(V\L) < 2 e: 
Thus (A\B) E J , as U\L is an open Fa set, and K\V is a 
closed G0 set, such that (K\V) c (A\B) c (U\L). 
-
-
I' 
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J.J TOPOLOGICAL MEASURES 
Let X be a topological space and (X, g, µ) a measure 
space. Then (X , g, µ) will be called a TOPOLOGICAL 
MEASURE SPACE , orµ a TOPOLOGICAL MEASURE, if and only if 
µ possesses a basis of open sets from g_ 
A general measure, defined on a ring of subsets of 
an arbitrary set X, can be regarded as a topological 
measure when it is observed that X may be given the 
discrete topology . It appears then that all measures may 
be regarded as topological measures, and it is from this 
simple unify ing observation that this thesis draws its 
title. In this chapter we shall examine the case in which 
the underlying topology is predetermined and non-trivial. 
In the introduction to chapter I it was indicated 
that the definition of a topological measure should be 
made in a manner such that the theory of integration, as 
developed in chapter II, would give prominence to the 
topologically important semicontinuous functions . 
Suppose (X, g, µ) is a topologica l measure space, and let 
u be a basis of open sets forµ. Then ~(u) is a family 
of lower semicontinuous functions on X such that if 
f E £(µ ), then; 
µ( If I) = µ* ( Ii i )= N(f) = Inf.[µ*(<j>) cf, :2:ltl, ct,E ~(u)] 
In particular , ifµ is countably additive, the integral 
of any positive integrable function can be approximated 
by the integr als of the integrable lower semicontinuous 
functions that dominate the given integrable function. 
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In fact , a countably additive measure defined on a ring 
of subsets of a topological space is a topological measure 
if and only if the above approximation property holds for 
the measure . 
Even a cursory glance at chapter II will show the 
importance of ~(u) functions to the theory of 
integra t ion. I t is for this reason that the minimal 
requirement of a topological measure is taken to be the 
existence of a basis of open sets for the measure. In 
the topological c ase this leads to the introduction of 
semicontinuous functions into the theory of integration, 
as developed in chapter II. 
J.J . l PROPOSITIO Suppose [X , C , A] is a generator 
space , and let A* defined on C(A* ) , be the measure 
generated by A in accordance with theorem (1.J.7), then; 
1) for each open set U, 
2 ) 
A* (u) = Sup. [ A* (K) : KC u , K EC] 
fo r each set 
* A ( Q) = Inf. 
* Q EC (A) , 
[ A* ( U) : Q c U, U open ] 
* * J) fo each(\) finite set PE C (\ ), 
* * A ( P) -= Sup . [ A ( K) : K c P , K E C] 
In particular , A* is a regular topological measure for 
which the open sets form a basis. 
PROOF : (1) Definition (1.J.J) gives for each open set U, 
* A (u) = Sup. [ \(K) : K cu, KE C] 
* * Now, K EC and Kc U , implies \(K) s A (K) s A (U); 
hence (1). 
(2) Let u be the class of all open subsets of X. 
Theorem ( 1. J . 7) * shows that u is a basis for A, hence 
* * (X , C (\ ) , A) is a topological measure space. Result 
( 2 ) now follows from the properties of a basis. 
(J) Results (1) and (2) are sufficient to allow 
lemma (J. 2.1 ) to be employed to give (J) . 
* 
* (put g = C( \ ) 
and µ = A ) • 
The following proposition shows that the operation 
of extension and completion (see 2.5 . 4) of a countably 
additive measure preserves regularity. 
J.J.2 PROPOSITION : Let (X, 8 , µ) be a topological 
measure space and supposeµ is countably additive . Then 
* is a topological measure space andµ is 
regular ifµ is regular. 
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PROOF : Let u be a basis of open sets forµ. Part (2) 
of theorem (2 , 5.4) shows that u is also a basis for the 
* measureµ , hence (X , * µ) is a topological measure 
space. Supposeµ is regular , * and let Ube any(µ) 
finite set in u. 
* µ (u) = µ(u) = Sup. [ µ(K) : Kc u , K closed, KE 8] 
* Now µ(K) = µ (K) for all KE g such that Kc U, hence U 
* is(µ) inner regular. As u forms a basis of open sets 
* forµ, lemma (J.2.1) may now be employed to show that 
* µ is regular as required. 
It is not alway s necessary to presuppose strong 
regularity conditions on a set function in order that 
it should be a regular topological measure. For certain 
algebras the following theorem shows the apparently much 
weaker property of boundedness is sufficient to indicate 
that a countably additive set function is a regular 
topological measure. 
J.J.J THEOREM : Let g be the Baire algebra or a-algebra 
of the normal topological space X, and supposeµ is a 
real valued, non-negative, countably additi e set 
function defined on g, Thenµ is a regular topological 
measure if and only ifµ is a bounded set function on g, 
PROOF : The necessity of the condition is immediate . 
Supposeµ to be bounded. Then , given any(µ) finite 
set PE g , let U Egbe some( µ) finite open set 
containing P . Defineµ ' on g such that if KE g then 
µ ' (K) = µ(K nu). Clearly µ' is a finite countably 
additi e set function on g , thus by (J . 2.2), µ' is a 
regular topological measure . Asµ=µ' on all members 
of g that a re subsets of U, we have that Pis a(µ) 
regular set. The finite set P was chosen arbitrarily, 
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hence all finite sets in g are regular . This regularity 
condition is sufficient to show the family of all(µ) 
a-finite open sets in g forms a basis forµ ; henceµ 
is a regular topological measure as required. 
J.J.4 COROLLARY: All countably additive topologica l 
measures defined on the Baire algebra or a-algebra of 
a normal space are regular measures. 
PROOF : This result follows directly from t heorem (J.J . J ) 
and the definition of a topological measure. 
J . J.5 NOTE : All metric spaces are normal , and further, 
the Baire and Borel algebras (a- algebras) coincide. In 
particular, theorem (J .J.J ) holds for the Borel algebra 
or a-algebra of any metri c space. The remainder of this 
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section will deal with applications of theorem (J . J .J) to 
metric spaces. 
J.J.6 PROPOSITION : Letµ be a real valued, non-negative, 
countably additive set function, defined on the Borel 
algebra or CT- algebra 8 of a metric space X. Thenµ is a 
regular topological measure if X can be expressed as a 
countable union of open(µ) finite sets . 
PROOF : Let Ube any open(µ) finite subset of X. 
Define µ ' on 8 such that if K E 8 then µ' (K) = µ(K nu ). 
Clea 1 , µ ' is a co un tab l y additive finite set function 
on 8 . Theorem (J. J.J) and note (J.J,5) showµ' to be a 
regular topological measure on 8 . 
is finite and (µ) regular. 
CX> 
Suppose X = LJ 
r=l 
U , where U 
1" 1" 
Thus if P E 8, P n U 
is an open(µ) finite 
set for each r. Let P be any(µ) finite set from 8 . 
Gi en e>o, c hoose for each ran open set Q. 
1" 
such that 
( P n U ) C Q. and 
1" 1" 
µ [Q.,(P nu)]< e.(½f 
1" 1" 
The existence of suitable sets Q. is guaranteed by the 
1" 
regularity of all(µ) bounded finite sets, as demonstrated 
abo e. 
·-
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co co co 
µ [ ( LJQ r)\P] = µ [ UQr'p J ~ 6 µ( Q ,P) 
r =l r =l r=l r 
co co 
6 µ( Q \ p) ~ 6 µ(Q ,(P n u ) ) < e: 
r =l r r = l r I' 
Thus Pis outer regular ; consequentlyµ is a topological 
measure on 8. The measureµ is regular by (3,3,4) and 
(3,3 , 5). 
3.3.7 COROLLARY: Letµ be a real valued, non-negative, 
countably additive set function , defined on the Borel 
algebra or a - algebra of a Lindelof metric space X. Then 
µ is a regular topological measure if each singleton 
subset of X possesses a(µ) finite neighbourhood . In 
particular, this result holds for all separable metric 
spaces. 
PROOF : For each point x E X choose an open ( µ) finite 
set U containing x. The family [u 
X X 
x EX] forms an 
open cover for X. As Xis a Lindelof space a countable 
subco er of(µ) finite open sets may be extracted from 
[ux : x EX]. The result now follows from proposition 
(3.3.6) 
I. 
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J.4 CONTINUOUS TOPOLOGICAL MEASURES 
Let g be an algebra containing the Borel algebra of 
a topological space. A real alued non-negative set 
functionµ , defined on g , will be called CONTINUOUS on g 
if and only if ; 
1) µ is bounded and additive on g. 
2) The union of members of an arbitrary collection 
of open sets can be approximated in(µ) measure 
by finite unions of sets from the given 
collection . 
A topological measureµ , defined on a ring g, will 
be called a CONTI UOUS TOPOLOGICAL MEASURE if and only 
if g contains the Borel algebra andµ is continuous on 
g. A continuous topological measureµ, will be called a 
RADON MEASURE , if and only if all c losed compact sets are 
(µ) finite. If the underlying space is separated then 
it is sufficient that all singleton subsets be finite. 
Let (X , g, µ) be a topological measure space and 
suppose g contains the Borel algebra of X. Ifµ is such 
that condition (2) abo e holds only for countable 
collections of open sets then µ is countably additive by 
(1. 2.J ) and consequen tly proposition (2.2.5) holds for 
µ. Ifµ is a Radon measure, and Xis a Hausdorff space, 
then the open sets form a basis forµ, and condition 
( 2 ) above allows proposition ( 2.2.5 ) to be generalized 
as follows; 
' 
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Ve G ] is a ny monotone increasing directed 
family of non- negative lower semicontinuous functions 
on X , then 
* * Lim . µ ( cp ) -= µ (Lim. cp) • 
Indeed , this propert y , together with the requirement that 
the singleton subsets be finite, are the characteristic 
properties that distinguish Radon measures from the class 
of all topological measures defined on an algebra 
containing the Borel algebra of a Hausdorff space. 
J.4.1 PROPOSITIO t Ifµ is a continuous topological 
measure defined on an algebra g of subsets of a 
topological space X , then ; 
1) µ is countably additive. 
2 ) µ is regular if Xis a regular space. 
PROOF ~ (1) This result follows from (1.2.J) asµ is 
clearly c ountably subadditi eon the family of all open 
sets ; hence on any basis of open sets. 
(2) Suppose Xis regular, and given any(µ) 
finite open set U , choose for each point xE U, some 
closed neighbourhood Kx of x contained in U. Now 
U = LJ [K~ : x E U ], and as µ is continuou s , given e>o, 
the e exist points ( x 1 , x2 , x3 , .. . , xn) such that if 
I 
: 
. 
:, 
61 
l{ 
K= U1¾: 
r =l r 
then K is closed, and the following 
inequalities hold; µ(u) s; E: + µ(K 0 ) s; µ(K) + E: s; µ(u) + e • 
Thus, all(µ) finite open sets are inner regular, and as 
all finite sets in g a re outer regular(µ is a topological 
measure), lemma (J. 2 .1 ) may be employed to give the 
required result. 
J . 4 . 2 PROPOSITION: If A is a generator d efined on the 
c lass C of all compa ct subsets of a Hausdorff space, 
* then A is a regular Radon measure. A generator defin e d 
in this manner will be cal l e d a CONTENT (s ee [H ] section 
SJ) . 
PROOF : Proposition (J . J.1) * shows A to be a regular 
topological measure. Let Ube the union of a given 
co llectio n of open sets. Then by (J . J . 1)(1) we have; 
* * A (u) = Sup . [A (K) KcU,KEC] . This demonstrates 
* the continuity of A as any compact subset of U possesses 
a finite subcover of sets from t h e given collection . 
* The result now follows as A is finite on C (see l.J . l(J)). 
J.4.J Let X be a separat d loc ally compa ct space . 
Denote t h lass of all ompact subsets of X by C, and 
the class of all co mpact G6 sets by C0 , Suppose g and 80 
-
i 
are the a-rings generated by C and C respectively . The 
0 
theory of countabl additive measures defined on these 
rings is de eloped in [ H ] chapter X. Clearly, all regular 
countably additive measures on these rings are regular 
topo logical measures. Theorem G of [H] section 52 shows 
that all countably additive measures on g are regular, 
0 
hence all such measures are regular topological measures. 
Theorem D of [ H ] section 54 s hows that any countably 
additi e measure on g may be regarded as the restriction 
0 
of a suitable regular measure on g _ Any regular 
measure on g defines a regular content on C, and if the 
Radon measure generated (see J .4. 2) by this content i s 
restricted to g, we obtain the initial measure. Thus, 
all regular countably additive measures on g or g may 
0 
be regarded as restrictions of suitable Radon measures. 
[Se eral results gi en in [ H ] chapter X, including 
theorem G mentioned above , follow directly from lemma 
(J.2 . 2) when it is remembered t ha t any c ompac t subset of 
Xis a normal space under t he induced topology]. 
NOTE : The notation used in (J.4.4) is independent of 
that used in (J.4.J). 
J.4.4 If (X , g, µ) and (X , g ' 0 µ) are two measure 0 
spaces t h nit is natural t o putµ = µ
0 
if g = g
0 
and 
I 
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µ(K) = µ (K) for all KE g _ Whenµ andµ are countably 
0 0 
additive , t heorem (2.5.4) allows this notion of equality 
to be extended to co er cases in which g j g We will 
0. 
sayµ = µ if ~ = g 
0 0 
J .4 .5 PROPOSITION • 
topological measure 
* * and µ (K) = µ (K) for all K E g_ 
0 
Let (X , g, µ) and (x , g , µ ) be 
0 0 
spaces such that b othµ andµ are 
0 
regular and co untabl y additive. If both g and g 
0 
contain the Borel a l gebra of X thenµ = µ
0 
in the sense 
o f (J.4.4) if µ( u) = µ (u) for all open sets U. In 
0 
particu l ar , a regul ar Radon measure is dete r mined 
uniquely by its values on t he open sets . 
PROOF : Le t u be the c las s of all open sets, and C the 
c la ss of all c lo sed sets in X. Ifµ = µ on U, then, 
0 
as µ a nd µ
0 
are bounded , µ = µ
0 
on C also . If PE g 
is(~ finite , then by (J.J . 2) , for each e>o, there 
exists a c losed set K , and an open(µ) finite set U, 
such that 
K C P C U and µ(U\K) < € 
* * N (x(P) - x(K)) = µ (P\K) $ µ (U\K) = µ (u\K) = µ(u,K) < € 
O O O 0 
This shows P t o be(µ) integr able , hence PE g. Thus 
0 O 
by symmetry , ~ = ~. 
0 
Ii 
X(K)) < E: 
I µ(K) - µ (P ) I = µ(P,K) s; µ(U'\K) < E: 
Adding the abo e ine qualities gives Iµ (P) - µ(P) I< 2 E: . 
0 
* * * Thus µ0 = µ 0 = µ = µo n a ll(µ) finite sets in g (and by 
symmetry , on al l ( µ*) finite sets also) . 
0 Thi s is 
* * sufficient to showµ (P) = µ (P) for all PE~-
o 
In a Hausdorff space any regular c ontent generates 
a Radon mea s ure (se e J . 4 .2). Two propositions to follow 
give sufficient conditions on the underlying space for 
the converse to hold. That is, i n certain spaces, all 
Radon measures are generated by regular c onten ts . 
J . 4. 6 PROPOSITION : All Radon measure s defined in 
separated lo cally compa ct or separat ed a-compact spaces 
a re generated by regular contents . 
PROOF : Supposeµ is a Radon measure defined on an 
algebra g of s ubset s of a Hausdorff space X. L et C be 
the class of all c ompact s ub sets of X , and define A on C 
such t ha t if KE C then \(K) = µ(K) . A simple c he ck of 
the definitions will s how A to be a r egular c ontent on C. 
I t now remains to s how t ha t A generatesµ under t h e 
* conditions of the p r oposition. That is , to show A = µ in 
the sen s of (J.4 . 4). 
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I 
i! 
Suppose Xi s separated and lo cally compact. Then X 
is a regular space andµ is regular by (J.4.1). Let U 
be an open set and for each point x E U choose a compact 
neighbourhood K of x such that Kc U. Using the 
X X 
continuity ofµ, we may proceed as in the proof of 
(J . 4 . 1) , to s how 
µ(u ) " Sup. [ µ(K) : K cu , KE C ] . 
* Now µ(K) = )...(K) for all K E C; hence A (u) = µ(U), and 
the required result follows by (J . 4.5) 
Suppose Xis separated and a-compact. Given any 
KE C let g(K) be the Borel algebra of the space formed 
by gi ing the set K the induced topology. The set 
funct ionµ , r e str i cte d t o g(K) , is a regular Radon 
measure in K. Thus , if U is any open subset of 
X , then 
µ(U nK) = Sup. [ µ(L): L CU nK, LE C] ... ( 1) 
If [K ] is a mono t one increasing sequence of compact sets 
X. 
- suc h that Lim. K = X , then µ(U) = Lim. µ(Un K ). This 
X. ii. 
result, together with (1) abo e, gives 
µ(U) = Sup. [ µ(L) : L c U, L EC] .. . ( 2) 
Equation ( 2 ) shows that all(µ) finite open sets are 
inner regular, and as all(µ) finite sets in g are outer 
regular, lemma ( J.2 . 1) showsµ to be a regular Radon 
; 
I, 
I 
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measure on g_ It is * clear from ( 2) that µ(u) = A (u) 
for all open sets U. * Hence A = µ by (J.4 .5 ) as required. 
J.4 . 7 PROPOSITION All Radon measures defined in 
complete met r ic spaces are generated by regular contents. 
PROOF : To begin , suppose µ
0 
is a finite Radon measure 
defined on an algebra g of subsets of a complete metric 
space X. Given e>o, c hoose for each integer~, a family 
of open balls [u(r , ~) : r =l, 2 , . . , a(~)] , such that for 
each r the ball U(r,~) ha s radius l , and if 
~ 
u = 
~ 
then for each integer m, 
The existence of such families 
is guaranteed b y the continuity of the finite measure. 
CD 
If K = n u then µ (K) 0 
r = l r 
The set K is compact . This may be demonstrated by 
showing thatanydirectedfamily of points in K possesses 
a limit point in K . 
in K. 
Suppose [x. 
'I, 
i EI] is a directed family of points 
The set K is contained in a finite number of closed 
balls of given arbitrarily small radius selected from 
I 
I 
..!.... 
[D(r,,t)] . Thus we may select a sequence of these sets, 
[D( l ,,t) : ,t=l , 2, ... ] say , such that [xi] is frequently 
for each ,t. Define a sequence K=l, 2 .. . ] 
of points from [x.J such that xi( )E f7 0-(1,r) for each ,t . 
1, K r =l 
Clearly, [xi(K)] is a Cauchy sequence, and as Xis 
complete, and K is closed, it must converge to a limit 
point x EK . It is simple to show that xis a limit 
point of [ xi] as required. 
Supposeµ is a general Radon measure defined on 8, 
and let C be the class of all compact subsets of X. 
Given any(µ) finite closed set L, defineµ on 8 such 
0 
that if PE g thenµ (P) = µ(P n L). A simple check of 
0 
the definitions will showµ to be a finite Radon measure 
0 
on 8. The first section of this proof may now be used to 
show, 
µ ( L ) = µ ( X) = Sup . [ µ ( K ) = µ ( K n L ) : K E C ] . . . ( 1 ) 0 0 
Asµ is a Radon measure defined in a regular space, we 
have for each open set U, 
µ(u) = Sup . [µ(L) : L c U, L closed and (µ) finite] . 
E quation (1) now gives, 
µ(u) = Sup . [µ(K) : KC u, K EC] 
Define A on C such that if KE C then A(K) 
... ( 2) 
= µ( K) . 
-
Clearly, A is a regular content, and from (2), 
* µ(u) = A (u) for all open sets u . * Hence A = µ by 
proposition (J.4.5) , and the required result follows . 
J.4.8 We come now to a major result concerning 
continuous set functions defined on the Borel algebra 
or a-algebra of a separated completely regular space . 
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In effect, theorem (J.4.9) shows that continuity implies 
regularity on such algebras. This theorem will be used 
to help establish theorem (J.4 . ll) which will be of 
importance for certain paracompact spaces. 
., 
Suppose Xis a topological space, Y the Cech 
compactification of X , and i the natural continuous 
mapping of X into Y. The map i is an in j ection mapping 
if Xis separated and completely regular . In this case 
we may regard X as a subset of Y. (X given the induced 
topolog ) . If g is a ring of subsets of y then define 
-l 0 -l 
"*8 as the ring of subsets of X such that Q E i* g if 
'I, 0 0 
-l 
and only if there exists a set p E g such that 
0 
Q = i ( p) . 
J.4.9 THEOREM : Let g be the Borel algebra or a-algebra 
of a separated completely regular space X. Then every 
continuous set function on g is a regular continuous 
topological measure. 
., 
PROOF : Let Y be the Ce c h c ompactification of X and 
suppose i is the continuous mapping of X into Y. The 
notation given in (J.4 . 8) will be used throughout this 
proof . Denote the class of all closed (hence compact) 
subsets of Y by C. 
To begin , le t µ be any fini t e continuous set 
function on 8 . Define A on C such that if KE C then 
A(K) = µ(K n X) . As Y is normal , there exists a 
monotone de creasing family [ Pv : Kc P~, Pv EC] such 
that Lim. Pv = K. Thus , Lim. (P ~ n X) = (K'n X) , and as 
µ is continuous , we have Lim. µ(P~ n X) = µ(K 'n X), 
hence Lim. µ(Pvn X) = µ(K n X). Finally , 
Lim. A(P) = Lim . µ(Pvn x) = µ(K n x) = A(K). 
* This shows A to be a regular content; hence A= A on C. 
* The measure A is regular and countably additive (see 
* J.4.1 , J.4. 2 ), hence A is defined on the Borel 0-algebra 
- 1 
8 of Y. Now i* 8 is a a-algebra c ontaining the closed 
0 0 -1 
subsets of X, hence 8 c i* 8 . Gi en a set LE 8, let 
. 0 
- 1 * 
P E 8 be such that i ( P) = L. The set P is ( A ) 0 
regular, hence , given €>0 1 there exists a (Y) closed 
set K, and a (Y) open set U , such that Kc Pc U, and 
A*(u) - A*(K) < € . Now A* (K) = A(K) = µ(Kn X) , and 
A* ( U) = A* ( Y\U ' ) = A* ( Y) - A* ( U ' ) = A ( Y) - A ( U' ) 
A(Y) - A(u ' ) = µ(x) - µ(u ' n x) = µ(u n x) . 
I .._ 
* Hence , µ(U n X) - µ(K n X) = A (u) * A (K) < e:. 
Thus Lis(µ) regular , as Kn Xis (X) closed, Un Xis 
( X) open, and (K n X) C ( P n X) = L C (U n X). 
is a regular continuous topological measure. 
establi shes the theorem in the finite case . 
Henceµ 
This 
Supposeµ is a general continuous set function on 
g _ Given an (µ) finite set PE g , let Ube some (x) 
open(µ) finite set containing P. Define µ on g such 
0 
that if K E g then µ (K) = µ(U n K). 
0 The set function 
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µ is clearly finite and continuous on g, 0 The preceding 
discussion of the finite ase shows µ
0 
to be regular. 
The set Pis thus(µ) regular, and hence(µ) regular, 
0 
asµ = µ
0 
on all subsets of U. This is sufficient to 
show thatµ is a regular c ontinuous topological measure. 
J .4 .10 The following theorem, whose proof depends on 
the property of paracompactness , gives rise to several 
corollaries which are of particular importance in metric 
spaces. 
As any metric space is paracompact, it follows that 
any subset of a metric space , under the induced topology, 
is a paracompa t space. 
Som of the results to follow will be proved for those 
topological spaces whi c h satisfy the condition that all 
l 
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open sets are para c ompa ct (as spaces under the induced 
topology). Clear l y , from the preceding remarks, all 
metric spaces satisfy this condition . 
J.4.11 THEOREM : Suppo se Xis a separated topological 
space such that all open sets are paracompact. Let g be 
the Borel algebra or cr algebra of X , and supposeµ is a 
real valued, non- negative , bounded , c ountably additive set 
function defined on 8. Thenµ is a regular continuous 
topological measur e if and only if each union of open(µ) 
negligible sets in(µ) negligible. 
PROOF : The condition is clearly necessary. Let 
[U. : jE J ] be a n arbitrary family of open subsets of X. 
J 
If U :::: LJ [u. : jE J ], then U is open and consequently 
J 
Suppose [u . : i E I ] is a locally finite 
1, 
paracompact. 
refinement of [ U j : j E J ] such that U :::: LJ [ U i : i E I]. 
If Pis any subset of U , then let P be the closure of P 
in u unde r the induced topology. As [u. 
1, 
i E I] is 
locally finite there exists a family [ v . 
1, 
i E I] of open 
sets such that u : LJ [v i : i E I ] and V. c U . for each 1, 1, 
i E I. Let [u V : v E G ] be the family of all finite unions 
of sets from [u . 
1, i E I], and give G the natural directing 
relation defined by inclusion . Similarly, define the 
corresponding family [vv : v E G] . These families 
are both montone in reasing with limit U. 
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Choose a monotone increasing sequence 
[ v v( r) : r=l , 2 , J . . ] of s ets from [ v : v E G] such that, 
V 
Lim . 
1" 
µ [ v v( r) ] = Lim. µ(V) = as µ(u). 
V V 
co 
Let Q 
= rld. Uv(r) and suppose µ(U\Q) > o . The statement 
of the theorem shows t ha t t here exists a point x E U\ Q 
such that each open neighbour hood of x is(µ) non-
negligible . As [u. : i E I] is lo c ally finite, there 1, 
exists an open neighbour hood P , of x , intersecting at 
most a finite number of set from [u. 
1, i E I ] . The 
definition of Q s hows that it m y be expressed as the 
union of a oun tab le family of sets from [u . : i E I] . 
1, 
Let~ be t he least integer s uch that Uv(~) contains all 
those sets f r om the abo e c ount able family that have 
non- empty intersection with P. Now x E U, and 
[v .: i EI] forms an open over for U, hence there 1, 
exists an open set V E [ v . 
0 1, i E I ] such that 
Consider th monotone increasing sequence 
[ V ( )UV : 1"=1 ,2 , J . • . ]. V !' O 
Each st in this sequen e is a member of 
thus, 
[v 
Lim. 
1" 
µ[v ( ) u v ] = a = V 1' o Lim. 
1" 
µ[v v (r ) ] 
V 
x E V 
0 
v E G], 
~ µ [ Vv(_r)] + 1-t[(P n V0 ) \ Vv(r)] 
~ µ[vv(r)J + µ[(P n v0 )\ vv(x.)J 
The set (P n V )\V ( ) is a fixed open neighbourhood of 0 \) X. 
x , hence from the definition of x , it must be non-
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negligible; let it have measure o>o . Then from the above 
inequalities we obtain , 
a. + 0 > a.. 
This leads to a contradiction, unless a.=+~, hence 
either µ(u) = µ(Q) ~ a. = +~, or µ(u,Q) = O; which implies 
µ (U) = µ(Q) always. The continuity ofµ now follows from 
the countable additivity and boundedness ofµ, as Q is 
contained in a countable union of sets from 
[u. : j E J]. Theorem (J . 4.9) may now be used to give the 
J 
required result as any separated paracompact space is 
completely regular. 
J.4.12 COROLLARY: Suppose Xis a separated topological 
space such that each open set is paracompact . Let g be 
the Borel algebra or a - algebra of X and suppose J(g) is 
the family of all real alued, non-negative , bounded, 
countably additive set functions on g, Ifµ E J( g) is 
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sµch that all non-void open sets are(µ) non-negligible, 
thenµ is a regular continuous topological measure. 
PROOF : This r esult follows dire c tl from theorem (J.4.11). 
J.4.lJ COROLLARY: Let X , g , and J(g) , be defined as 
in corollary ( . 4.1 2 ) a b ov e. If' J(g) contains a O-f'inite 
memberµ , such that each non-void open set is(µ) 
0 0 
non- negligible , then every member of' J(g) is a regular 
c ontinuous topological measur e . 
PROOF : Letµ be any member of' J(g) , and suppose [v] is 
){ 
a monotone increasing sequence of'(µ) finite open sets with 
0 
limit X. The set £'unctionµ+ µ is countab ly additive and 
0 
bounded on g and all non- oid open sets are(µ+µ) 
0 
non- negligible . If' [ UV : v E G ] is some given monotone 
incr easing family of' open sets , with limit U, then for 
ea h ){ we may use (J . 4.12 ) to obtain , 
Lim. 
\) 
µ(u n v ) = µ(u n v ) 
\) ){ ){ . ... ( l) 
If' U is(µ) finite , then given e>o , choose){ such that, 
I µ(u) µ(u n V ) I < e ){ .. .. ( 2 ) 
Thus , for all \) E G , we have 
I µ( u) - µ(u n v ) \) ){ I < e .... ( J ) 
Finally , hoose \! SU h that 
I µ(u n v ) -){ µ(u n v ) \) ){ I < e . ... ( 4) 
From ( 2) , (J) and (4) , we obtain I µ(u) - µ(U) I< JE:; 
hence , when U is(µ) finite , we have 
..... (5) 
If µ(U) = (X) 
' 
then giv en a>o , choo s e x. such that 
µ(u n V ) 
X. 
> a . ... ( 6) 
Choose \i such that µ(u n v ) - µ(u n V ) < E: .... (7) X. \) X. 
F rom (6) and (7) we obtain µ(u) ~ µ(u n V) > a-e 
\) \) X. 
Thus , as a>o , and E:>o , were chosen arbitrarily, we have, 
Lim. µ(u ) : (X) = µ(u) 
\i V 
.... (8) 
Equations (5) and (8) how the ounded set functionµ to 
be continuous on g_ As a n y s epar ated paracompact space 
is completely regular , we may use theorem (J.4.9) to 
obtain the requi r ed result. 
J .4.14 COROLLARY: If g is the Borel algebra or 
a - algebra of a separable met r ic space X , then all 
members of J(g) (see J.4 . 12) are regular continuous 
topological measures. In particular , all countably 
additi e topological measures on g are regular and 
continuous . 
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PROOF: Suppose [ x ] is a countably dense set in X. ){. 
Defineµ on g such that if PE g then 
0 
µ (P) = ~½)ft 
0 
){. 
X E p. 
){. 
Clearly, µ 0 is finite (hence bounded) and c ountably 
additive on g , and all non-void open sets are(µ) 
0 
non-negligible. Corollary (J.4.13) may now be used to 
show that all members of J(g) are regular continuous 
topological measures. 
J.4.15 COROLLARY: Let g be the Borel algebra or 
a-algebra of a separable metric space X. A real valued, 
non-negative, countably additive set functionµ, 
defined on g , is a Radon measure if and only if each 
singleton subset possesses a(µ) finite neighbourhood. 
[This result offers a simple definition for Radon 
measures in Euclidean space.] 
PROOF : Necessity is immediate. 
µ to be a topological measure. 
Corollary (J.J,7) shows 
Corollary (J.4.14) may 
now be used to obtain the required result. 
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4 . 1 INTRODUCT ION 
CHAPTER IV 
REPRE ENTATION THEOREMS 
----- ·-=---
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Le t g b a ri ng of subs ts of a given set X and 
suppo se M( g) is a c lass o measures d efine d on g. Let 
F ( X) b a ve tor pace of real valued functions on X. A 
line a r f unctional p, d efine d on F ( X) , will be said to 
p oss ess es an INTEGRAL REPRESENTATION with respect to 
M( g) if ther e exi t me mbers µ1 and µ2 of M( g) such tha t, 
(1 ) F(X) C £ µ i ) i= 1 ,2 
(2) P( f) = µl ( /) 
- µ2 ( f) for e a ch j E F{X ) . 
The epr sent a tio n wi ll b e call e d MINIMAL if and only if 
any other members µ1 andµ ~ of M(g) , satisfying (1) and 
(2) , a re su h t hat (µ1 - µ1 ) and(µ~ - µ2 ) a re positive 
l inea fun tionals on F(X) . The rep esentation will be 
calle d PO ITIVE if and only if µ2 (/) = 0 for e ach f E F(X). 
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4.2 VECTOR SPACES OF FUNCTIONS 
In this sectio n eve al important vec t or spaces of 
co ntinuous functions will be introduced. Each space will 
be given a topology a s a topological vector space, and 
the definition of continuity of linear functionals on 
these spa es will be discussed . The next section will 
deal with t h e problem of integral re presentations for 
ertain line a r fun ctionals on t hese (and other) vector 
spaces. 
To begin , we s hall prove an important 'decomposition' 
result for linear functionals d efined on a vector lattice 
F(X) of real valued functions on a given set X . 
[F(X) will be c alle d a ve ctor lattice if it is· a vector 
space and give n any two members f and g of F(X) then 
Sup.(j,g) = f V g and Inf .(f,g ) = f Ag are also members.] 
4.2 . 1 LEMMA : Let F(X) be a vector lattice of real 
valued functions on a given set X , and suppose F+(x) is 
the class of all non-negative functions in F(X). If pis 
a linear functional on F(X) then define p* on F+(x) such 
that if f E F+(x ) t hen 
* 
=Sup . [p(g) F+(x)]. P Ct) g ~ f, g E 
* I p is finite 0 each I E F (x) ' then there exist two 
positive linea fun ionals p1 and p2 , defined on F(X), 
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such that; 
* + P1 (f) = P (f) for each f E F (x). 
P(g) = P1 (g) - P2 (g) for eachg E F(X) 
(1) 
( 2 ) 
( 3) The decomposition given in (2) is minimal in the 
sense that if P_i and p' are any other positive 
linear functionals on ~(X), satisfying (2), then 
(P_i- p1 ) and ( p,2 - p2 ) are positive linear functionals on F(x). 
PROOF: Let / 1 and f 2 be members of F+(X). Choose any 
pair g1 and g 2 from F+(X) such that g 1 $ f 1 and g 2 
$ f
2
• 
Then; 
and 
Hence, 
. . . . . (1) 
Choose any function g E F+(X) such thatg $ f
1 
+ f
2
• 
Let h1 = Sup.[g - f 2 ,o] and h 2 = Inf.[g,f2 ]. The functions 
h 1 and h 2 are members of F+(X) as F(X) is a vector lattice. 
Clearly, h1 $ f 1 , h 2 $ f 2 , and g = h 1 + h 2 , hence; 
* P ( f 1 + f 2 ) = Sup. P(g) = Sup. P(h 1 + h 2 ), 
and 
Thus, 
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From inequalities (1) and (2) we obtain, 
* * * p (fl+ f2) = p (f1) + P (f2). 
. . ( J) 
Define p1 on F(X) such that if g E F(X), and 
g = g1 - g2 where g1 and g 2 are members of F+(X), then 
* * P1 (g) = P (g1 ) - P (g 2 ). Equation (J) shows that p1 is 
a well defined positive linear functional on F(X). 
Clearly, P(f)s p* (j) = p1 (J) for each/ EF+(x), hence 
P2 = P1 - Pis a positive linear functional on F(X) as 
required. 
Turning now to the minimal property of the 
decomposition, we have for each f E F+(X); P
1
(f) * 
= p ( f) ' 
P(j) s P{(f), and if g is any member of F+(X) such that 
g s .f, t hen; 
P1 (f) = p* (j) = Sup.p(g) s Sup.p1(g) = p1(J). 
Hence p1 (f) s P{(f), and a similar inequality for p2 and 
p2, which follows immediately, gives the required result. 
4.2 .2 Let B(X) be the vector lattice of all real 
valued bounded continuous functions defined on a 
topological space X. If .f E B(X) then define, 
llf II= Sup. [ IJ(x) I : x Ex]. 
The to pology defined on B(X) by this norm will be called 
the TOPOLOGY OF UNIFORM CONVERGENCE. A linear functional 
p, defin don B(X), is continuous for this topology if 
and only if there exists a constant m > 0 such that, 
I P(j) I :,; m-llfll, for each .f E B(X). 
Clearly, all positive linear functionals on B(X) are 
continuous for the uniform topology, and under the same 
topology , all continuous linear functionals satisfy the 
conditions of lemma (4.2.1). 
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4.2.J Let c(x) be the vector lattice of all finite real 
valued continuous functions on a topological space X. 
If C is the class of all compact subsets of X, and .f is 
any member of c(x), then define, 
IIJll = Sup.[ IJ(x) I: x EA], for each A E c. 
The topology defined on c(x) by the family of seminorms 
[ II /IA : A E c] will be called the TOPOLOGY OF COMPACT 
CONVERGENCE. A linear functional p, defined on c(x), is 
continuous for this topology if and only if there exists 
a set A f C, and a constant m > O, such that, 
I P( f ) I :,; m •lltlk, for each f E c(x). 
Under the topology of compact convergence all continuous 
linear functionals on B(X) satisfy the conditions of 
lemma (4. 2 .1), and the two positive linear functionals 
appearing in the minimal decomposition are also 
continuous. 
Let C (x) be the vector lattice of all real valued 0 
continuous functions on X such that/ is a member of 
C (X) if and only if for each e > 0 there exists a set 0 
A E C such that , 
Sup.[ IJ(x) I: x E x,A] < e. 
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This vector space will be given the topology of uniform 
convergence. If Xis separated and locally compact then 
C (x) is a non-trivial vector space. 0 
4. 2 .4 Let K(X) be the vector lattice of all real valued 
continuous functions of compact support defined on a 
topological space X. If C is the class of all compact 
subsets of X, and A is any member of C, then let K(X,A) 
be the vector space of all continuous functions with 
support in A . Give K(X,A) the uniform topology (see 4.2.2). 
Since K(X) = LJ [K(X,A) : A E c] we may give K(X) the 
finest topology for which a linear functional is 
continuous on K(X) if and only if it is continuous on 
K(X,A) for each A E c. This topology will be called the 
INDUCTIVE LIMIT TOPOLOGY on K(X) (see [R] page 78). A 
linear functional p, defined on K(X), is continuous for 
this topology if and only if for each A EC there exists 
a constant m > 0 such that, 
/ p(j) / $ m • 1/J /1, for each f E K(X ,A). 
8J 
Under the inductive limit topology all continuous linear 
functionals on K(X) satisfy the conditions of lemma 
(4.2.1). If Xis separated and locally compact, then 
K(X) is a non-trivial vector space and all positive 
linear functionals on K(X) are continuous for the 
inductive limit topology. 
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4.J REPRESENTATION THEOREMS 
This section consists of a series of theorems and 
corollaries with a common theme; the existence of integral 
representations for linear functionals defined on certain 
vector spaces of continuous functions. The entire 
section is based , essentially, on the first existence 
theorem (4.J.1) . In fact, it is in part the intention of 
this section, to demonstrate that many of the standard 
representation theorems (or their generalizations) can be 
obtained as a series of corollaries of a central theorem. 
If the results of this section were concerned only with 
thee istence of integral representations, then they would, 
in most cases, be almost trivial consequences of theorem 
(4 . J.1). However, as questions of form and uniqueness of 
a representation arise, the proofs become more complex. 
For this reason, as well as convention, most of the 
resul sin this section are designated as theorems. 
4.J.l THEOREM: Let X be a topological space, g the Borel 
algebra of X , and Ca class of closed normal subsets of X. 
Suppose C is closed under finite union, and that any closed 
subset of member of C is also a member . Let F(X) be a 
ector latti e of real valued bounded continuous functions 
on X uch that the supports of functions in F(X) are members 
---
of C, and if A and Bare any two disjoint sets from C, 
then there exists a function g E F(X), dependent on A 
and B, such that g ~ X(A) and g . X(B) = 0. 
If pis a positive linear functional on F(X), then 
there exists a regular topological measureµ, defined on 
g, such that: 
1) µ(u) = Sup. [µ(P) 
set U. 
Pc U, PE C], for each open 
2) F(X) c £(µ) and p(/) = µ(J) for e a ch f E F(X) . 
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In particular, the linear functional p, possesses a 
positive integral representation(µ), with respect to the 
class of all regular topological measures on g , that 
satisfy condition (1). If C is a class of compact sets, 
then condition (1) implies thatµ is a continuous measure 
(see J.4). 
PROOF: 
steps. 
The proof will proceed in a series of numbered 
To begin, we will state an important consequence 
of the lattice property of F(X) . 
1) If [Ar: r=l,2, ... ~J is a disjoint family of sets 
from C, then a simple if somewhat tedious argument 
involving the lattice property, will demonstrate the 
existence of an associated family [gr : r=l,2, ... ~J, 
of functions from F+(x), such that for each r, 
~ l on A, and 
r = o for s -Jr . 
2 ) Define A on C such that if A EC then, 
A(A) = Inf. [ p(g) : g;,: X(A), gEF+(x)]. 
We will now show that A is a regular generator on C (see 
l.J). It is clear from the definition that A is 
subadditive on C, and from (1) above, that A is additive 
on C. If A is any member of C, then given E:>o , choose 
g E F+(x) such that g;,: X(A) and p(g)-A(A) < e:. If 
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U = [x: (l+e:)g(x) > 1], then U is an open set containing 
A . Suppose Lis any member of C such that Ac L c U. 
Then A(A) $ A(L) $ p[(l+e:)g] = (l+e:)p(g), and 
A(L) - A(A) $ e:[p(g)+l] $ e:[1+e:+A(A)]. This demonstrates 
the regularity of the generator A defined on C (see 
l.J. 2 ). 
J) Ifµ is the regular topological measure defined 
* by restricting A (see J.J.1) tog, then for each open 
set U; 
µ(u) = Sup.[A*(A) =µ(A): A cu, A EC]. 
It is clear from (2.5.6) that the members of F(X) are 
integrable with respect toµ for any basis . (If U is 
the class of open sets, then F+(x) c ~(u)). For 
c onvenience, the class of all open sets will be taken as 
a basis fo µ in the following development. If f is any 
member of F+(x) , then by (2.3.9), and the above remarks , 
we have ; 
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* µ(f) = µ (J) = Sup.[µ(g) : g$f, g EG(g, µ)]. 
Thus, given €>o, we may choose (see J.J.l (J)) a function 
g EG+ (g , µ), such that ; 
~ 
g = ~ a.l"x(A ) , g $ f, µ(J)-µ(g) < E:, and for each r the 
.2" = l r 
set ArE C and A nA = O for s/r. Let [g: r=l,2, ... ~J be 
.2" s .2" 
a family of functions defined as in (1) above. If 
~ ~ 
Hence, p(f) ~ 6 p(hr) ~ 6 a.l"µ(Ar) = µ(g). 
r:l r =l 
Thus , p(f) ~ µ(g) > µ(f)-E:. This shows that p(f) ~ µ(f) 
for each f E F+(x), as the choice of E:>o was arbitrary. 
To complete the proof it will be sufficient to demonstrate 
the reverse inequality. We may, without loss of 
generality , suppose that llf 11 $ l. Let K be the support of 
f. Then KE C, and given e>o, there exists a function 
g E F + (x) suc h that , 
g ~ X(K) ~ f and p(g) - µ(K) < €. 
Now ( g- f) E F+ ( X), hence p(g-J) ~ µ(g -f) , which, with the 
preceding inequality, gives; 
µ(J) ~ P(f)+µ(g)-p(g) ~ p(f)+µ(K)- P( g) > p(f)-€. 
This demonstrates the required inequality as €>o was 
chosen arbitrarily. 
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4. J. 2 TIIBOREM : L et X be a normal topo logi cal space and 
suppos B(X ) is the topological vector space formed by 
giving t he vector space of all real valued bounded 
continuous functions on X the topo logy o f uniform 
convergen e ( see 4 .2 . 2 ). If M(g) is the c la ss of all 
finit topological measures defined on the Borel algebra 
g of X, th n; 
1) Each positive linear functional on B(X) has a 
unique positive integral representation with 
respect to M(g). 
2 ) • ach continuous linear func ti onal on B(X) has 
a unique min i mal integral representati on with 
respect to M(g). 
If Xis a compact Hausdorff space, then Xis normal, and 
l ass of all Radon measure s defined in X. In 
this ase th theore m reduces to the Ri esz representation 
theor m. 
PROOF: Lt C be the class of all closed subsets of X. A s 
any los d subset of a normal space is normal (under the 
indu ed topo logy ) th onditions of theorem (4.J.1) , 
r gard·ng C, are satisfi d. Urysohn's lemma may now be 
us d to s how t ha t t h e v ctor lattice B(X) satisfies the 
conditions of th or m (4.J.1). If pi s a positiv linear 
fun tional on B(X), th n , by th orem (4.J.1), p possesses 
a posi iv integral r p r s ntation with r sp ct to M(g). 
Letµ andµ' be two possible representations for p. We 
will now show thatµ=µ' on the members of g, 
As bothµ andµ ' are regular (being finite 
topological measures) it is sufficient to compare their 
values on the members of C. If K is any given member of 
C, then given E>~ choose an open set U containing K, 
such that, µ(U\K) < E and µ'(u'1C) < E. By Urysohn's 
lemma, there exists a function f E B+(x) such that f 
is bounded by unity, /=l on K, and f=o on X\U. Hence, 
lµ(/)-µ(K) I $ µ(U'\K) < E, and Iµ'(/)-µ' (K) I $ µ' (U\K) < E. 
Adding the above inequalities gives lµ(K) -µ'(K) j < 2 E, as 
µ(f)=p(/)=µ'(/) for each f E B+(x). Thus, µ=µ' on C, and 
the required uniqueness result follows. 
The second result (2), follows from (1) , with the 
aid of lemma (4.2.1) and the discussion in (4.2.2). 
Any representation theorem for continuous linear 
functionals on a convex topological vector space gives 
rise to numerous corollaries involving representations 
for continuous linear functionals on vector subspaces 
(under the induced topology) of the original space. The 
essential ingredient in the proof of such results is the 
Hahn-Banach extension theorem . These corollaries are 
usually trivial consequences of the major theorem and for 
- ... 
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this reason will not be given here However, corollaries 
(4.J.J) and (4 . J . 4) , to ollow , are somewhat different in 
form (although the Hahn- Banach theorem is implicitly 
in olved) and seem to be worth special consideration. 
4 .J.J COROLLARY: Let X be a normal t opological space, 
g the Borel algebra of X , and F(X) a vector subspace of 
B(X), such that each member of B(X) is dominated by a 
member of F(X) . If M(g) is the class of all finite 
topological measures defined on g , then each positive 
linear functiona l on F(X) possesses a positive integral 
representation with respect to M(g). 
PROOF: Let p be a positive linear functional on F(X). 
Since the space B(X) is an ordered vector space the 
conditions of the corollary imply that p possesses an 
extension to B(X) as a positive linear functional (see 
[E ] page 135 ( 2 . 6.2)). Such an extension has a positive 
integral representation with respect to M(g) by theorem 
(4.J . 2) . Clearly , any representation for an extension 
of pis also a repre sentation for p defined on F(X). 
Let A(X) be an algebra of functions (under the 
operations of addition and multiplication) defined on 
a given set X. The algebra A(X) will be called a 
... 
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SEPARATING ALGEBRA if and only if given any two distinct 
points x.i_ and x2 in X there exist members f and g of A(X) 
such that f( x1 ) -;=: f(x 2 ) and g(x1 ) f 0. 
4.J . 4 COROLLARY i Let X be a c ompact Hausdorff space and 
suppose F(X) is a v e ct o r subspace of B(X) . If F(X) 
contains a po sitive definite function , then each positive 
linear functional on F(X) possesses a positive integral 
representation with r espe ct to the Radon measures defined 
in X. If F(X) contains a separating algebra then the 
above representation in unique . 
PROOF : If f E F(X) is a positive definite function then 
J(x) > o for each x EX. The space Xis given to be 
compact , hence there exists a constant o>o such that 
f(x) > o for each x EX . If g is any function in B(X), 
then o- 1 llg 11 -f is a member of F(X) such that g $ o- 1 llgll .. f. 
Co r ollary (4.J.J) now gives the required existence 
result as M(8) is the class of all Radon measures defined 
in X (see J.4.5) . 
Let p be a positi e linear functional on F(X) and 
suppose µ andµ ' are Radon measures in X such that for 
each .f E F(X) ; 
µ(f) = p(f) = µ ' (!). 
-
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If F(X) contains a separat ing algebra, then for any given 
function g E B(X) , the Stone Weierstrass theorem 
demonstrates the existence of a sequence [g ], of functions 
X. 
from F(X) , such that II g-g II < x. 1 , for each integer x.>o. 
X. 
Thus ; 
lµ(g) - µ(g,,) Is: N(g-g) s: llg - g ll- \µ(x) < i~µ(x). 
" X. X. 
Adding a similar inequality forµ ' , gives 
integer x.. Thus , µ = µ ' on B(X) , as x.>o can be chosen 
arbitrari l y . Sinc e the cont inuous linear functionals 
µandµ ' agree on B(X ) , µandµ ' must also agree as Radon 
measures defined in X (see theorem 4.J.2). 
When dealing with a separated locally compact space, 
it is possible to define Radon measures in terms of 
c ertain linear functionals on the vector space of all 
continuous functions of compact support (see [ B] and [E]). 
The following theorem shows that the concept of a Radon 
measure , as introduced in [E ] chapter 4 say , is equivalent 
to the con ept of a Radon measure , as introduced in 
chapter III of this thesis. 
4.3 . .5 THEOREM : Let X be a locally compact Hausdorff 
space, and suppose K(X) is the topological vector space 
-
-formed by giving the ector space of all real valued 
continuous functions of compact support the inductive 
limit topology1 as defined in (4 . 2.4) . Then; 
1) Each positi e linear functional on K(X) has 
a unique positi e integral representation 
with respect to the class of all Radon 
measures defined in X . 
2) Each continuous linear functional on K(X) 
has a unique minimal integral representation 
with respect to the class of all Radon 
measures defined on X. 
PROOF : If C is the class of all compact subsets of X, 
then it is simple to show that C and K(X) satisfy the 
conditions of theorem (4 .J .1) . The existence of a 
suitable Radon measure to represent a given positive 
linear functional on K(X) is now guaranteed by theorem 
(4.J . 1). We may show such a representation to be unique 
with an argument similar to that used for the 
corresponding result in theorem (4.J.2). The second 
result (2) , now follows from (1) , with the aid of 
lemma (4 .2. 1) and the discussion in (4.2.4). 
4.J. COROLLARY: Let X be a locally compact Hausdorff 
space and gi e the vector space C (x) the topology of 
0 
uniform convergence (see 4 . J.J). Then each continuous 
linear functional on C (X) has a unique minimal integral 
0 
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representation with r e pe ct to the c lass of all finite 
Radon measures in X . 
PROOF : Let p be a c ontinuou s linear functional on C (X). 
0 O 
In view of lemma (4 .2 . 1) , it will be sufficient to 
consider the ca se in wh ich p is positive . Let p be 
0 
the restriction o f p t o K(X). The linear functional p 
0 
has a unique positi e integral representation, µ say, 
with respect to the Radon measures defined in X (see 
theorem 4. J , 5) , Since p is continuous on C (x) there 
0 0 
exist s a c onstant m>o such that I p
0
(/) I~ mil !II for each 
/ E C (x) . Hen c e , fo r e ach g E K(X) ; 0 
jµ(g)I = IP( g) j = IP0 (g)I $mllgll-
This shows µ to be a finite Radon measure. For any 
function f EC (X) the Stone - Weierstrass theorem 
0 
demonstrate s t he existence of a sequence [/ ] , of 
K 
fun tions from K(X) , suc h t hat II f - f x_ 11 < ~l for each 
int eger x.>o. Thus , 
I P0 (!) - P0 (/ K) I $ mllf-f x_ll < mii.1, 
and jµ(f) - µ(fx.) I :s; N(f-fK) :s; llf-fx. 11 µ(x) < ~1 µ(x). 
Adding the ab ove inequa li t ies gi es 
jpo(/) - µ(/) I< "itl(m +µ(x)) , as µ(/x.) = p (fx.) = po(fx.) 
for ea h integer x.. Hen e , p
0
(/) = µ(/) for all f E C
0
(X) , 
as required. 
...... 
Ifµ is a Radon me a u r e defined in a topological 
space X , then a clo ed set K , will be called the SUPPORT 
ofµ , if and onl y if X\K i the largest open(µ) 
negligible et. Radon measures of compact support will 
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feature in the following theorem , whi c h is a generalization 
of the Riesz r epr esenta ion theo r em (see 4.J.2). 
4.J . 7 THEOREM : Let X b e a Ha usdorff space and suppose 
C(X) is the topological ector s pa c e formed by giving 
the e c tor spac e of all finite real valued continuous 
fun c tions on X the topology of compact convergence (see 
4. 2. J). Then ; 
1) Ea c h continuous linear functional on c(x) has a 
minimal integr al representation with respect to 
the Radon measur e of c ompact support defined in 
X . Any such representation is positive if the 
c ontinuous linear functional is positive . 
2 ) The minimal r epr e enta tions in (1) are unique 
if and onl y if C(X) c ontains a separating 
subalgeb r a . 
In parti ular , ( 2 ) hold s fo r all sepa r ated completely 
regular spa e s . 
PROOF : (1) In iew of lemma (4. 2 .1) and the discussion 
in (4 . 2.J ) it will b e sufficient to consider the case in 
which pis a positi e continuous linear functional on 
c(x). Since pi s c ontinuous on C(X) , there e ists a 
--
compact set K , and a c onstant m>o , such that 
I p(J) I ~ m II! IJK for each f E C(X). Let C(K) be the vector 
space of all rea l valued c ontinuous functions on K under 
the induced topology. * If f E c(x ) then let f be the 
member of C(K) defined by the restriction off to K. 
* Let C (K) be the set of al l such functi ons on K. Clearly , 
* * * C (K) is a e ct o r s u b pac e of C(K) . Define p on C (K) 
f E ( ) P* (1*) = p(f) . such that if C X then The positive 
* * linear functional p is well defined on C (K) , for 
* * suppose g E c(x) is such t hat f = g , then 
Jp(f) - p(g) j = Jp(/- g)J ~ mllf-gJJK= o. 
* Sinc e C (K ) c ontains the unit function , t he c onditions 
of c orollary (4 .J. 4) are s atisfied (with B(X) = C(K) and 
* F(X) = C (K)) . Letµ be a Radon measure defined in the 0 
* * * c ompact Ha u sdo ff space K such that µ
0
(/) = p (J) for 
* * each f E C (K) . The existence ofµ is guaranteed by 
0 
(4 .J. 4) . If g i s t he Bore l a lgebra of X , t hen defineµ 
on g s u ch t hat P E g , then µ(P) = µ (P n K) . It is 
0 
simple to show t ha t µ i s a Radon measure of compact 
support (in x), and t h at for each f E c(x) ; 
µ(/) = µ( X(K) .f) = µ
0 
(/*) = p*(J* ) = p(f) • 
This resul t , together with lemma (4 . 2. 1) , establishes 
statement (1) of t he theorem. 
....... 
( 2 ) Supposeµ and µ ' are two Radon measures of 
compact su pport such thatµ(/) = p(J ) = µ ' (/)for each 
f E c(x ) . I t will be on enient to retain the notation 
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introduced in t he abo e proof for existence. However , it 
will be ne essary to re - define Kasa compact set 
containing the s uppo r t ofµ andµ ' Letµ andµ' be 
0 0 
the Radon mea sure defined in K by restrictingµ andµ' 
respectivel , to t he subsets of K . If f E C(X) , then 
1* E c*(K) , and 
µ 0 ( 1* ) :::: µ ( f) = p ( f) = µ , ( f) = µ ~ ( / * ) . 
Hence , µ = µ ' on c* ( K) . 
0 0 If c(x) contains a separating 
s ubalgebra th n c*(K) also contains a separating 
subalgebra (separating t he points of K) . * Now C (K) 
contains the unit function and is a subspace of C(K), 
hence, by corol l ary (4.J . 4) , t he linear functionals 
µ andµ ', defined on c*(K) , have unique representations 0 0 
with respect to the Radon measures defined in K . Bu t 
µ =µ ' on c*(K) , henceµ : µ ' as Radon measures in K , and 
0 0 0 0 
conse quen t l yµ :::: µ ' as Radon measures in X . Thus , the 
e istence of a separating subalgebra in c(x) is 
s ufficient fo uniqueness . 
To omplete the p oaf it will no w be shown that this 
c ondi tion is also necessar Suppose each positive 
continuous linear functional on c(x) has a unique p o sitive 
........ 
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integral representation with respect to the Radon 
measures of compact support. Let x1 and x 2 
be two points 
in X such that f(x 1 ) = f(x 2 ) fo r ea c h f E c(x). Define 
µ. ( i= l ,2 ) on the Borel algebra g of X suc h that if 
'2, 
P E 8 , then 
µ . ( p) 
= 1 if x . E p 1, '2, 
.., 0 if x . E 
'2, 
X\P 
Clearly , µ . 
'2, (i =l, 2) is a Radon measure of c ompact s upport 
in X . Define p ' on c(x) such that for e ach f E c(x) we 
, . . . Then p is a positive 
c ontinuous linear functional on c(x) s u c h that 
p ' (f) = µ1 (/) = µ2 ( / ) for ea c h f E c(x) . But p has a 
unique repr esentation , hen ce µ1 = µ2 as Radon measures in X. 
Thus, x1 and x 2 cannot be distinct points. This shows 
that c(x) must contain a separating subalgebra as required . 
4. J . 8 v Suppo s e Xi s a t opological space , Y the Ce ch 
compactification of X , a nd i the natural c ontinuous 
mapping of X into Y. The map i is a n injection mapping 
of X into Y if Xis separated and c ompletely regular . 
In t his c ase we may regard X as a subset of Y under the 
induced topolog Le t B(X) and B(Y) be t h e vector spaces 
of all rea l v alued bounded c ontinuous functions on X and 
Y respe ctively , and suppose I to be the isomorphic mapping 
... 
99 
of B(X onto B(Y) . It i - 1 clear that I possesses a 
natural e xt ension from B (Y) to t he class of all functions 
on Y. 
I 8 is a ring o s u bs e ts of Y , then define the ring 
-: l O f b f X h h Q E -:;*l O 1· f 1.,* o o su sets o • sue tat v o and only if 
PE 8 such that Q - i 1 (P) . The notation given in this 
subsection will be u ed in lemma (4.J,9) and theorem 
(4 . J . 10) to follow . 
4.3.9 LEMMA : Let (Y , 8 , µ) be a topological measure 
space such thatµ is countably additive and all members 
of 8 c ontained in Y\i(X) are (µ) negligible. 
set function de f ined on £! 8 such that i!µ[i 1 (P)] = µ(P), 
for each PE 8 , then ; 
) - 1 . - 1 1 i* µ 1s well defined on i * 8 . 
) ( - 1 - 1) 2 X , i* 8 'i* µ i s a topological measure space and 
the measure i~ µ is c ountably addi t ive. 
J) !1 E 3fµ) implie 11 (/) E t( 1!µ) and i* µ [ I (/) ] = µ(/). 
PROOF : (1) If A and Bare members of 8 such that 
l 1 (A) = i 1 (B) , then both A'B and B\A are subsets of 
Y\i(X). Thus , µ(A,B) = µ(B \A) = O, which implies 
µ (A) = µ(B) as equired. 
(2) Sinceµ is countably addi t ive on 8 it fo llows 
-.1 -:1 0 immediately that 1.,* µ is countably additi eon 1.,* o . If Q 
-
1 00 
-1 -1 
is an (i *µ) finite set in i *g , then there exists a (µ) 
finite set P E g such that i, 1 (P) = Q . Since µ is a 
topological measure , there exists, for each given e>o, an 
open set U , in Y, such that Pc U and µ(U \ P) < e. Now 
?1 (u) is open in X, and Q = j 1 (P) c I 1 (u). Thus; 
itµ[ £ 1 (u),Q] = ·;}µ [:/(u)\I 1 (P) ] = i tµ["/(U \.P)] 
= i, t µ [ :/ ( U\P ) ] = µ ( U~ ) < e . 
- 1 -1 
This shows that each (i *µ) finite set in i * g is outer 
regular, hence £ iµ is a countably additive topological 
- 1 
measure on i *g · 
* (J) Let and be the seminorms defined byµ 
-1 ( ) and i *µ respectively see 2 . J. J . If A is a ( µ) 
negligible subset of Y , then there exists a monotone 
decreasing sequence [U ], of open sets in Y, such that 
X. 
Ac Lim.U, and Lim.µ(u) = 0. 
X. K 
Hence, £1 (A) c Lim .j 1 (u x.) , and 
N* (:;: 1 (A)) ~ Lim. ;}µ [£1 (uK)] = Lim.µ(UK) = 0 . 
Thus , the inverse image of a(µ) negligible set is 
(i¼ µ ) negligible. 
If/ E £(µ) , then there exists (see 2 . 4 . 3(1)) an 
-Cauchy sequence [ / ] , of functions from G(g, µ), such 
X. 
that Lim . /K = f a . e, and Lim.µ(/K) = µ(/) . From the 
-
pre c eding discussion we have, Lim.i1 (JK) = i 1 (J) a.e. in 
- 1 the s ense of i* µ. 
N*(i
1
(JK) - I 1 (Jm)) = i;µ[i 1 ( IJK - fml)J = µ(IJK - 1ml) 
= µ ( If K - fm I ) = N ( f K - f m ) · 
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Hence , [ r 1 (/)] is an N*-cauchy sequence of functions from 
K 
( - le, - 1 ) . t . (-1 ) G i* o 'i*µ c onvergent poin -wise i*µ a.e 
Thus , by (2. 4.J)(2), f 1 (J) E £( I;µ), and 
i;µ[r 1 (/)] = Lim.i;µ[I 1 (JK)] = Lim.µ(JK) = µ(/). 
4.J.10 THEOREM: Let X be a topological space and suppose 
B(X) is the vector space of all real valued bounded 
continuous functions on X. Then; 
1) A positive linear functional p, defined on B(X), 
has a positive integral representati on with 
respect to the countably additive finite 
topological measures defined in X, if and only 
if Lim. p(J) = 0, for each monotone decreasing 
K 
sequence [/ ], of functions from B(X), such 
that Lim.JKK= 0. 
2 ) If Xis separated and completely regular, then 
a positive linear functional p, defined on B(X), 
has a positive integral representation with 
respect to the finite Radon measures defined 
PROOF : 
in X, if and only if Lim. p(/v) = 0, for each 
monotone decreasin~ directed family [fv], of 
functions from B(XJ, such that Lim.fv = 0. 
Let g be the Borel algebra, and g the Baire 
0 
algebra, of subsets of X. Define p' on B(Y) (see 4.J.8), 
-
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s u c h that if g EB(Y) then p'(g) = p(f 1 (g)). Clearly , p' 
is a well defined positive linear functional on B(Y) . 
Letµ be the Radon measure defined on g such that 
µ ( g) = p ' ( g) for ea ch g E B ( Y) . 
demonstrated in theorem (4.J.2). 
The existence ofµ is 
Letµ be the countably 
0 
additive topological measure defined by restrictingµ to 
go (see theorem J.J.J) . Thus, for each g E B(Y), we have; 
µ o ( g) = µ (g ) = P, ( g) = p:( r 1 ( g ) ) . 
c ases (1) and (2) separately. 
We will now consider 
1) the c ondition on monotone sequences is clearly 
necessary by corollary (2.4.lJ). Suppose this condition 
hold s and let K be any closed G0 set contained in 
Y\i(X) (see 4 . J.8). Then KE g and there exists a 
0 
monotone de creasing sequence [g ], of functions from B(Y), 
X. 
such that Lim.gx. = x(K). Now Lim.I1 (gx.) = 0, and 
0:,; µ (K):,; Lim.µ (g) = Lim.p'(g) = Lim.p(r1 (g )) = 0 . 
0 0 X. X. X. 
Thus , if P is a ny member of g contained in Y\ i (X) , then 
0 
by (J. 2 . 2 ) we have; 
µ (P) = Sup.[µ (K) K c P, K closed G,: set] = 0. 
0 0 u 
Hence, all m mbers of g
0 
contained in Y\i (X) are µ
0 
negligible. Lemma (4.J.9) may now be used to show that 
the 
on 
... 1 
ountably additive topological measure ~*µ
0
, defined 
, 1 QI 
~* "'o' gives rise to a suitable representation for p . 
-
2) Suppose p has a positive representation with 
respect to the Radon measures in X. Now [mx(x) - f ] is 
\) 
a mono tone increasing directed family of continuous 
functions with limit mx(x) . Clearly, for a suitable 
constant m, the members of [mx(x) - fv] are ultimately 
non-negative. From the discussion in (J.4) we now have, 
m P ( X ( X) ) - Lim . p ( f) = Lim . p ( m X ( X) - f) = m p ( X ( X) ) . 
Hence, Lim.p(f) = 0. Thus , the condition on monotone 
decreasing directed families is necessary. That this 
condition is also sufficient, follows from an argument 
lOJ 
similar to that given in (1) above. We may proceed as in 
(1) withµ and gin place ofµ and g respectively . The 
0 0 
countable sequence being replaced by a directed family and 
the closed G0 set K by a general closed set in Y,i(x). 
The requirement that the space be separated and 
completely regular guarantees that {!g is the Borel 
-1 
algebra of X and consequently that i*µ is a finite Radon 
measure in X . The measure l!µ defines a representation 
for pa s required (s ee lemma 4.3.9). 
-
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